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6.1 Introduction

Spectral distribution of the solar radiation traveling through the Earth’s at-
mosphere contain an important information about numerous atmospheric and
surface parameters. This information can be gained from the measured spec-
tra employing so-called inverse theory and the problem to be solved thereby
is usually referred to as the inverse problem. The first step to be done in the
solution of any inverse problem is to formulate a model usually referred to as
the forward model which will allow us to simulate the measured quantity as-
suming all relevant atmospheric and surface parameters to be known. Generally,
in the case of the scattered, reflected, or transmitted solar radiance measured
in the ultraviolet, visible, or near-infrared spectral range by means of satel-
lite, airborne, or ground-based instruments, the corresponding forward model is
nonlinear, i.e., there is no linear relationship between measured values of inten-
sity and atmospheric parameters. However, the theoretical basis of the inverse
problem solution is well investigated in the case of linear inverse problems only
[19]. Thus, to make use of the existing numerical methods the forward model
has to be linearized, i.e., a linear relationship between intensity of radiation
and the atmospheric parameters has to be obtained. This can formally be done
considering the intensity as a function or functional of the corresponding param-
eters and expanding it in the Taylor series with respect to the variations of the
desired parameters. Then, in the linear approximation the partial or the varia-
tional derivatives of the intensity, usually referred to as the weighting functions
(WFs), provide a linear relationship between the variation of the intensity and
variations of parameters. Unfortunately, analytical expressions for the weighting
functions can be derived in a few simple cases only whereas numerical calcula-
tions employing their mathematical definition in most practical situations are
very computational-time-expensive.

In the previous issue of Light Scattering Reviews [24] we have presented a
general approach to derive partial and variational derivatives based on the joint
solution of the direct radiative transfer equation and the adjoint radiative trans-
fer equation. Employing this approach we have derived the general expressions
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for the partial and variational derivatives of the Stokes vector with respect to
the main optical parameters such as the extinction coefficient and the single
scattering albedo. However, most optical parameters depend not only on the
atmospheric parameters (e.g., on concentrations of absorbing gases, pressure,
temperature, aerosol and cloud particles number density) but also on the wave-
length. Therefore, in multispectral inverse problems these are the atmospheric
parameters which are commonly used as quantities to be retrieved rather than
the optical parameters. For this reason we will derive here analytical expressions
for WFs for the different atmospheric parameters which can be directly used
to solve practical inverse problems. In particular, we will obtain WFs for the
aerosol particles number density, for the atmospheric pressure and temperature,
for the liquid water content and the effective radius of cloud droplets, as well
as for geometrical cloud parameters such as cloud top height and geometrical
cloud thickness. Furthermore, we will demonstrate that WFs for all considered
atmospheric parameters can be obtained as a linear combination of WFs for
main optical parameters.

Taking into account that for the solution of most inverse problems the scalar
form of the radiative transfer equation is sufficient, we can simplify our treatment
considering only variations of the intensity of radiation and neglecting other com-
ponents of the Stokes vector, i.e., polarization effects. All expressions for WFs
obtained here for the scalar case are implemented in the software package SCI-
ATRAN 2.0 [22] and its successor version SCIATRAN 2.1 (see www.iup.uni-
bremen.de/sciatran for further information). All numerical examples demon-
strated throughout this chapter were completed employing the software package
SCIATRAN 2.1.

The layout of the chapter is as follows. In section 6.2 we consider a relation-
ship between the partial and variational derivatives of the intensity of radiation
and the weighting functions. Section 6.3 gives the review the basics of the di-
rect and adjoint radiative transfer equations which are used in the following
sections for the derivation of WFs. In section 6.4 we derive general expressions
for WFs. Section 6.5 presents expressions for WFs of the absorption and scat-
tering coefficients. In section 6.6 we extend the obtained expressions to the case
of a mixture of scattering and absorbing components. Numerical examples of
WFs for the aerosol and cloud scattering coefficients are shown in section 6.7. In
section 6.8 we derive WFs for the pressure and temperature and show some nu-
merical examples in the ultraviolet and near infrared spectral ranges. Section 6.9
is aimed to the derivation of WFs for cloud parameters such as particle number
density, liquid water content, and effective radius of water droplets or ice crys-
tals. Some illustrations of these WFs are presented subsequently in section 6.10.
In section 6.11 we introduce a modification for the weighting functions for the
effective radius of water droples or ice crystals making them more suitable for the
solution of the corresponding inverse problems. WFs for the geometrical cloud
parameters such as cloud top and bottom height are presented in section 6.12.
The derivation of WFs for main optical parameters such as the extinction coef-
ficient and the single scattering albedo is presented in the Appendix.
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6.2 Derivatives of the intensity and weighting functions

The intensity of the radiation field in a vertically inhomogeneous medium de-
pends not only on the optical depth and the viewing direction but also on the
vertical distribution of such parameters as, for example, the extinction coefficient
and the single scattering albedo. This set of parameters depending on a vertical
coordinate will be referred to as parameter-functions. In the case of the reflecting
and emitting underlying surface the intensity depends also on the surface albedo,
surface emissivity, etc. which will be referred to as scalar parameters. From the
mathematical point of view the intensity can be considered as a functional of
parameter-functions and a function of scalar parameters. A linear relationship
between variations of these parameters and the variation of the intensity can
be obtained employing the Taylor series expansion of the intensity. Restricting
ourselves at this point with one parameter-function and one scalar parameter
only which will be denoted as p(τ) and c, respectively, we have in the linear
approximation:

I ′(τ,Ω) = I(τ,Ω) +
∂I(τ,Ω)
∂c

∆c+
∫ τ0

0

δI(τ,Ω)
δp(τ ′)

δp(τ ′) dτ ′ . (6.1)

Here, τ ∈ [0, τ0] is the optical depth, τ0 is the optical thickness of the medium,
Ω := {µ, φ} describes the set of variables µ ∈ [−1, 1] and φ ∈ [0, 2π], µ and
φ are the cosine of the polar angle and the azimuthal angle, respectively, the
perturbed intensity, I ′(τ,Ω), corresponds to perturbed parameters c′ = c + ∆c
and p′(τ) = p(τ) + δp(τ),

∂I(τ,Ω)
∂c

= lim
∆c→0

I(τ,Ω; p(τ), c′) − I(τ,Ω; p(τ), c)
∆c

(6.2)

is the partial derivative of the intensity with respect to the scalar parameter c
and

δI(τ,Ω)
δp(τ ′)

= lim
∆τ ′→0

I(τ,Ω; p′(τ), c) − I(τ,Ω; p(τ), c)∫
(∆τ ′) δp(x) dx

(6.3)

is the variational derivative of the intensity with respect to the parameter-
function p(τ) at the optical depth τ ′ ∈ [0, τ0]. The integration of the pertur-
bation in the denominator of this expression is carried out over a small range
∆τ ′ around the point τ ′ where δp(x) is non-zero. A complete discussion of func-
tionals and variational derivatives is presented among others by Volterra [33].
The partial derivative at a given optical depth τ and viewing direction Ω given
by (6.2) will be considered as a function of the wavelength, whereas the varia-
tional derivative given by (6.3) as a function of the vertical coordinate τ ′ and
the wavelength. The explicit notation of the dependence of all relevant functions
on the wavelength will be omitted.

Introducing the variation of the intensity as

δI(τ,Ω) = I ′(τ,Ω) − I(τ,Ω) , (6.4)

we rewrite (6.1) in the following form:



208 V. V. Rozanov, A. V. Rozanov, A. A. Kokhanovsky

δI(τ,Ω) = Vc(τ,Ω)∆c+
∫ τ0

0
Vp(τ ′; τ,Ω)δp(τ ′) dτ ′ , (6.5)

where the variational and partial derivatives of the intensity are denoted as
Vp(τ ′; τ,Ω) and Vc(τ,Ω), respectively.

Equation (6.5) provides a linear relationship between variations of the at-
mospheric and surface parameters and the variation of the intensity at a given
optical depth τ and viewing direction Ω. Functions Vp(τ ′; τ,Ω) and Vc(τ,Ω) de-
scribe the contribution of the variation of a certain parameter to the variation
of the intensity. These functions which are usually referred to as the weighting
functions (WFs) can be defined for both absolute and relative variations of pa-
rameters. Introducing the relative variation of a scalar parameter c as vc = ∆c/c
and the relative variation of a parameter-function p(τ) as vp(τ) = δp(τ)/p(τ),
Eq. (6.5) can be rewritten as follows:

δI(τ,Ω) = Wc(τ,Ω)vc +
∫ τ0

0
Wp(τ ′; τ,Ω)vp(τ ′) dτ ′ . (6.6)

The relationship between weighting functions for the relative and absolute vari-
ations of parameters is obvious:

Wc(τ,Ω) = cVc(τ,Ω) , Wp(τ ′; τ,Ω) = p(τ ′)Vp(τ ′; τ,Ω) . (6.7)

The obtained linear relationship between the variation of the intensity and vari-
ations of parameters can be directly used to solve various inverse problems. To
demonstrate this let us consider the simplest case of one scalar parameter to be
retrieved. The perturbed intensity, I ′(τ,Ω), should be considered in this case as
the measured value at the optical depth τ and viewing direction Ω corresponding
to an unknown value of the scalar parameter, c′, whereas the intensity, I(τ,Ω), is
calculated employing an appropriate radiative transfer model for a known value
of scalar parameter, c. Taking into account that in the case under considera-
tion (6.5) contains only one unknown parameter, ∆c, we obtain the following
estimation for this scalar parameter:

∆c =
δI(τ,Ω)
Vc(τ,Ω)

−→ c′ = c+
δI(τ,Ω)
Vc(τ,Ω)

, (6.8)

where, according to its definition, ∆c = c′ − c.
Thus, the considered example demonstrates that the solution of a certain

inverse problem requires not only the measured and simulated values of inten-
sities but also an appropriate weighting function. However, a derivation of the
weighting functions employing their definition according to Eqs (6.2) and (6.3)
is possible in a few simplest cases only. Therefore, in the following sections we
present an approach to derive weighting functions which allow us to avoid us-
ing Eqs (6.2) and (6.3). In particular, we consider how the weighting functions
can be obtained employing the joint solution of the linearized radiative transfer
equation (RTE) and the corresponding adjoint RTE.
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6.3 Basic formulation of the direct and adjoint radiative
transfer equations in the operator form

The derivation of the weighting functions presented below requires the formula-
tion of the direct and adjoint radiative transfer equations in the so-called gen-
eralized form [25]. This representation as well as the adjoint approach used to
derive analytical expressions for WFs will be briefly discussed below.

We start from the standard RTE for a plane-parallel scattering, absorbing,
and emitting atmosphere illuminated by the incident solar radiation with the
zenith angle θ0. The irradiance flux is considered to be equal to πµ0 at the
top of the medium, where µ0 = cos θ0. The direct RTE can be written in the
following form (see e.g. [4, 11,12,27] for derivation):

µ
dI(τ,Ω)

dτ
+ I(τ,Ω) = J(τ,Ω) + (1 − ω(τ))B(τ) , (6.9)

and appropriate boundary conditions are given by:

I(0,Ω) = πδ(Ω − Ω0), µ > 0 , (6.10)

I(τ0,Ω) =
A

π

∫
Ω+

ρ(Ω,Ω′)I(τ0,Ω′)µ′ dΩ′ + εB(Ts), µ < 0 , (6.11)

where J(τ,Ω) is the multiple scattering source function:

J(τ,Ω) =
ω(τ)
4π

∫
4π

p(τ,Ω,Ω′)I(τ,Ω′) dΩ′ , (6.12)

τ ∈ [0, τ0] is the optical depth, τ0 is the optical thickness of the medium,
ω(τ) ∈ [0, 1] is the single scattering albedo, µ ∈ [−1, 1] is the cosine of the
polar angle as measured from the positive τ -axis (i.e., negative values of µ corre-
spond to the light propagated upwards), φ ∈ [0, 2π] is the azimuthal angle, the
variable Ω := {µ, φ} describes a set of variables µ ∈ [−1, 1] and φ ∈ [0, 2π], the
variable Ω+ := {µ, φ} describes the set of variables µ ∈ [0, 1] and φ ∈ [0, 2π],
δ(Ω−Ω0) = δ(µ−µ0)δ(φ−φ0) is the Dirac δ-function, B(τ) is the Planck func-
tion depending on the kinetic temperature of the medium, A is the spherical
albedo of the underlying surface, ρ(Ω,Ω′) is a function determining the angular
reflection properties of the boundary surface, ε is the surface emissivity, B(Ts)
is the Planck function at the surface temperature Ts, p(τ,Ω,Ω′) is the phase
function.

It is convenient to rewrite (6.9) and the corresponding boundary conditions
given by (6.10) and (6.11) in the operator form. Let us define a linear differential-
integral operator, Le, which comprises all operations on the intensity I(τ,Ω) in
(6.9) as follows:

Le = µ
d

dτ
+ 1 − ω(τ)

4π

∫
4π

dΩ′p(τ,Ω,Ω′)⊗ , (6.13)

where symbol ⊗ is used to denote an integral operator rather than a finite
integral. The operator Le is referred to as the direct radiative transfer operator.
The radiative transfer equation is now written in the following operator form:



210 V. V. Rozanov, A. V. Rozanov, A. A. Kokhanovsky

Le I = Se , (6.14)

where
Se ≡ Se(τ,Ω) = [1 − ω(τ)]B(τ) . (6.15)

Although in the considered RTE the internal emission source function, Se(τ,Ω),
is isotropic the argument Ω will be retained throughout this chapter for gener-
ality. To rewrite (6.10) and (6.11) in the operator form as well, we define two
linear integral operators Lt and Lb as follows:

Lt =
∫ τ0

0
dτδ(τ)⊗ , (6.16)

Lb =
∫ τ0

0
dτδ(τ − τ0)

(
⊗ − A

π

∫
4π

dΩ′λ(µ′)ρ(Ω,Ω′)⊗
)
. (6.17)

Here, δ(τ) and δ(τ − τ0) are the Dirac δ-functions and λ(µ) is an auxiliary
function introduced following [30] as λ(µ) = µΘ(µ), where Θ(µ) is the Heaviside
step-function over µ ∈ [−1, 1] given by

Θ(µ) =
{

1, µ > 0
0, µ < 0 . (6.18)

Operators Lt and Lb operate analogically to the operator Le on the intensity
I(τ,Ω) and have the same domain. Thus, the operator form of the direct RTE
alone with the boundary conditions is written as follows:

LeI = Se , (6.19)
LtI = St(Ω), µ > 0 , (6.20)
LbI = Sb(Ω), µ < 0 , (6.21)

where according to (6.10) and (6.11)

St(Ω) = πδ(Ω − Ω0) , (6.22)
Sb(Ω) = εB(Ts) . (6.23)

The formulated direct RTE can be used to simulate the radiation field in a plane-
parallel atmosphere in a wide spectral range from the ultraviolet to the thermal
infrared. The polarization can be easily accounted for (see e.g. [6]).

6.3.1 Generalized form of the direct radiative transfer equation

The operator representation of the direct RTE and the corresponding boundary
conditions formulated above describe a specific boundary value problem consist-
ing of three independent operator equations. This boundary value problem can
also be rewritten in the form of a single operator equation. Such representation
is called the generalized form of the direct RTE. The generalized form of the
direct RTE has been suggested by Ustinov [30] and its rigorous derivation has
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been given by Rozanov and Rozanov [25] in the scalar case and by Rozanov [24]
in the vector case (i.e., including polarization).

Following [25] the generalized form of the direct RTE is written as

LI = S . (6.24)

Here, the generalized form of the direct radiative transfer operator, L, and the
right-hand side, S(τ,Ω), are determined as follows:

L = Le + ψt(τ, µ)Lt + ψb(τ,−µ)Lb , (6.25)
S(τ,Ω) = Se(τ,Ω) + ψt(τ, µ)St(Ω) + ψb(τ,−µ)Sb(Ω) , (6.26)

where auxiliary functions ψt(τ, µ) and ψb(τ,−µ) are given by

ψt(τ, µ) = µδ(τ)Θ(µ) , (6.27)
ψb(τ,−µ) = −µδ(τ − τ0)Θ(−µ) . (6.28)

The derived radiative transfer equation is equivalent to Eqs (6.19)–(6.21) but
incorporate all operations with respect to the intensity at the boundaries, i.e.,
at this point, the boundary conditions are already included in the radiative
transfer equation and do not need to be specified separately. This equation is
the desired generalized form of the direct RTE containing all operations on the
intensity field including boundary conditions.

6.3.2 Adjoint radiative transfer operator

Let B be a linear operator operating on a function I(τ,Ω). Then according to its
definition [9], the corresponding adjoint operator B∗ has to satisfy the following
identity:

(I∗, BI) = (B∗I∗, I) , (6.29)

where the notation ( , ) denotes the scalar product in the appropriate functional
space and I∗(τ,Ω) is an arbitrary function which belongs to the domain of the
operator B∗. Throughout this chapter we will assume that the scalar product of
two arbitrary functions f(τ,Ω) and g(τ,Ω) is defined as follows:

(f, g) =

τ0∫

0

∫

4π

f(τ,Ω)g(τ,Ω) dτ dΩ . (6.30)

Since the derivation of the adjoint radiative transfer operator using different
approaches has already been described elsewhere [1,14,18,25,30], we will present
just the final result here. Following [25], we write the expression for the adjoint
radiative transfer operator in the following form:

L∗ = L∗
e + ψt(τ,−µ)L∗

t + ψb(τ, µ)L∗
b , (6.31)

where operators L∗
e, L

∗
t and L∗

b are
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L∗
e = −µ d

dτ
+ 1 − ω(τ)

4π

∫
4π

dΩ′p(τ,Ω′,Ω)⊗ , (6.32)

L∗
t =

∫ τ0

0
dτδ(τ)⊗ , (6.33)

L∗
b =

∫ τ0

0
dτδ(τ − τ0)

[
⊗ − A

π

∫
4π

dΩ′ρ(Ω′,Ω)λ(−µ′)⊗
]
. (6.34)

Equation (6.31) is the desired generalized form of the adjoint radiative transfer
operator. The adjoint operator, L∗, contains analogically to the direct operator,
L, all operations on the adjoint intensity including boundary conditions.

6.3.3 Adjoint approach and the adjoint radiative transfer equation

In the previous subsection the generalized form of the adjoint radiative transfer
operator has been presented. Here we will demonstrate how the adjoint radiative
transfer equation can be formulated. We start from the generalized form of the
direct RTE according to (6.24):

LI = S , (6.35)

where S is given by (6.26). Assume we need to calculate a functional, say Φ, of
the intensity I

Φ = (W, I) , (6.36)

where W is an arbitrary function of variables τ and Ω. There are two ways to
solve this problem. One is to find the solution I of the direct RTE and apply
(6.36) to calculate Φ (forward approach) and the other (adjoint approach) is to
calculate the scalar product of both sides of (6.35) and an arbitrary function I∗

and rewrite the left-hand side of the resulting equation using the definition of
the adjoint operator, Eq. (6.29), as follows:

(I∗, LI) = (L∗I∗, I) = (I∗, S) . (6.37)

Then, we obtain
(I∗, S) = (L∗I∗, I) . (6.38)

If we require I∗ to be the solution of the following adjoint equation:

L∗I∗ = W , (6.39)

equation (6.38) results in

(I∗, S) = (W, I) = Φ . (6.40)

Thus, the functional Φ can be found also as the scalar product of the solution
of the adjoint RTE, I∗, and the right-hand side of the direct RTE written in the
generalized form, S.
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Similar to the forward boundary value problem defined by (6.35), Eq. (6.39)
describes a boundary value problem for the adjoint intensity written in the gen-
eralized form. Operator L∗ given by (6.31) includes the boundary conditions
operators similar to the operator L given by (6.25). Thereby, similar to the
right-hand side of the direct RTE, the right-hand side of the adjoint RTE given
by (6.39) has to contain the boundary conditions as well. Thus, it should be
possible to rewrite W (τ, µ) in the following form:

W (τ,Ω) = We(τ,Ω) + ψt(τ,−µ)Wt(Ω) + ψb(τ, µ)Wb(Ω) , (6.41)

where subscripts ‘e’, ‘t’, and ‘b’ denote ‘equation’, upper (‘top’), and lower (‘bot-
tom’) boundary conditions, respectively. Substituting (6.41) into (6.39) we ob-
tain the generalized form of the adjoint radiative transfer equation as follows:

L∗I∗ = We + ψt(τ,−µ)Wt(Ω) + ψb(τ, µ)Wb(Ω) . (6.42)

This equation can be treated in analogy to the generalized form of the direct
RTE as a sum of three independent operator equations, namely, operator form of
the adjoint RTE and boundary condition equations written in the operator form
premultiplied by appropriate functions. Therefore, similar to the boundary value
problem for the direct RTE, Eq. (6.42) can be separated into three equations as
follows:

L∗
eI

∗ = We(τ,Ω) , (6.43)
L∗

t I
∗ = Wt(Ω) , µ < 0 , (6.44)

L∗
bI

∗ = Wb(Ω) , µ > 0 . (6.45)

Equations (6.43)–(6.45) are referred to as the operator representation of the
adjoint RTE. Substituting in these equations operators L∗

t , L
∗
b and L∗

e as given
by (6.33), (6.34) and (6.32), respectively, the standard form of the adjoint RTE
can be formulated:

−µdI∗(τ,Ω)
dτ

+ I∗(τ,Ω) =
ω

4π

∫
4π

p(τ,Ω′,Ω)I∗(τ,Ω′) dΩ′ +We(τ,Ω) , (6.46)

I∗(0,Ω) = Wt(Ω), µ < 0 , (6.47)

I∗(τ0, µ) = Wb(Ω) − A

π

∫
Ω−

ρ(Ω′,Ω)I∗(τ0,Ω′)µ′ dΩ′, µ > 0 . (6.48)

We note that in contrast to the forward intensity the boundary conditions for
the adjoint intensity are given for the outgoing adjoint radiation.

As clearly seen the adjoint and the direct RTEs are closely related to each
other. Moreover, as demonstrated by many authors [1, 2, 15–17, 25] the solution
of the adjoint RTE given by (6.46) can be found employing standard numerical
methods developed for direct RTEs. Thereby, in fact, we do not need to develop
special methods to solve the adjoint RTE.
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6.4 General expressions for weighting functions

For the solution of most practical inverse problems a linear relationship between
the measured functional of the radiative field and the atmospheric parameters is
required. To obtain such a relationship let us formulate the measured functional
as follows:

Φ(τv,Ωv) = (R, I) ≡
∫ τ0

0

∫
4π

R(τv,Ωv; τ,Ω)I(τ,Ω) dτ dΩ , (6.49)

where R(τv,Ωv; τ,Ω) is an instrument response function and a short notation for
the scalar product as ( , ) is used. The specific form of the response function is
of minor importance for our theoretical consideration. Therefore, following [30],
we introduce the instrument response function appropriate to the instrument
with an infinitesimally small field of view placed inside or at a boundary of a
medium as follows:

R(τv,Ωv; τ,Ω) = δ(τ − τv)δ(Ω − Ωv) , (6.50)

where δ(Ω − Ωv) = δ(µ− µv)δ(φ− φv). The measured value, Φ, given by (6.49)
is in this case the intensity of the radiation field at the optical depth τ = τv in
the direction Ωv ≡ [µv, φv] characterized by the cosine of the zenith angle, µv,
and azimuthal angle, φv.

Taking into account that the response function is independent of both atmo-
spheric and surface parameters, the variation of the measured functional δΦ can
be expressed as follows:

δΦ(τv,Ωv) = Φ′(τv,Ωv) − Φ(τv,Ωv) = (R, δI) , (6.51)

where Φ′(τv,Ωv) corresponds to the set of perturbed parameters. To express the
scalar product in the right-hand side of (6.51) via the variation of the atmo-
spheric and surface parameters we employ the adjoint approach. As discussed in
section 6.3.3 the scalar product of the known function, R, and the function, δI,
can be expressed as the scalar product of the adjoint intensity, I∗, and the right-
hand side of the RTE describing the variation of the intensity, δI. To derive the
corresponding RTE we rewrite following Marchuk [14] the direct RTE given by
(6.24) for the perturbed values of the operator L′, intensity I ′, and right-hand
side S′ :

L′I ′ = S′ . (6.52)

Here, the primed source function and the primed operator correspond in analogy
to the primed intensity to the set of perturbed parameters. Substituting into this
equation I ′ = I + δI, L′ = L+ δL and S′ = S + δS, we obtain

(L+ δL)(I + δI) = S + δS =⇒ LδI + δLI + δLδI = δS . (6.53)

In the linear approximation we can neglect the term containing the product δLδI.
Therefore, the RTE describing the variation of intensity can be formulated in
the following form:

LδI = δS − δLI . (6.54)
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Varying the operator L and the function S given by (6.25) and (6.26), respec-
tively, and taking into account that the operator Lt and the function St as given
by (6.16) and (6.22), respectively, are independent of the atmospheric and sur-
face parameters, and therefore δSt = 0 and δLt = 0, we obtain the following
expression for the right-hand side of (6.54):

δS − δLI =
P∑

p=1

[
(δpSe − δpLeI) + ψb(τ,−µ)(δpSb − δpLbI)

]
, (6.55)

where P is the full number of parameters and δp denotes that the variation of the
corresponding function or operator is caused by the variation of the parameter
p only.

Variations of functions Se and Sb as well as of operators Le and Lb in the
right-hand side of (6.55) can easily be expressed via the variation of the cor-
responding parameter pp(τ) expanding them in the Taylor series with respect
to this parameter and restricting with the linear term relative to δpp(τ). For
example, for the function Se we obtain

δpSe(τ,Ω) = S′
e(τ,Ω) − Se(τ,Ω) =

∂Se(τ,Ω)
∂pp(τ)

δpp(τ) , (6.56)

where S′
e(τ,Ω) is the source function for the perturbed parameter p′

p(τ) and
∂Se(τ,Ω)/∂pp(τ) is the partial derivative of the function Se(τ,Ω) with respect
to the parameter pp(τ).

Employing Eq. (6.56) and introducing the relative variation of the corre-
sponding parameter as vp(τ) = δpp(τ)/pp(τ), the terms in the right-hand side
of (6.55) can be rewritten in the linear approximation as follows:

δpSe − δpLeI =
[
∂Se(τ,Ω)
∂pp(τ)

− ∂Le

∂pp(τ)
I

]
δpp(τ) = vp(τ)Yp(τ,Ω) , (6.57)

δpSb − δpLbI =
[
∂Sb(Ω)
∂pp(τ)

− ∂Lb

∂pp(τ)
I

]
δpp(τ) = vp(τ)Gp(Ω) , (6.58)

where functions Yp(τ,Ω) andGp(Ω) contain partial derivatives of the appropriate
functions and operators:

Yp(τ,Ω) = pp(τ)
[
∂Se(τ,Ω)
∂pp(τ)

− ∂Le

∂pp(τ)
I

]
, (6.59)

Gp(Ω) = pp(τ)
[
∂Sb(Ω)
∂pp(τ)

− ∂Lb

∂pp(τ)
I

]
. (6.60)

Introducing an auxiliary function Ψp(τ,Ω) as

Ψp(τ,Ω) = Yp(τ,Ω) + ψb(τ,−µ)Gp(Ω) (6.61)

and substituting it into the right-hand side of (6.55), we obtain
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δS − δLI =
P∑

p=1

vp(τ)Ψp(τ,Ω) . (6.62)

We note that for a scalar parameter we only need to replace vp(τ) by vc, where
vc = ∆c/c is the relative variation of this parameter. Therefore, this case does
not need to be considered separately. Substituting further (6.62) into the right-
hand side of (6.54), we have

LδI =
P∑

p=1

vp(τ)Ψp(τ,Ω) . (6.63)

Equation (6.63) provides a linear relationship between the variation of the in-
tensity and the relative variations of the atmospheric and surface parameters.
This equation will be referred to as the generalized form of the linearized direct
radiative transfer equation (LRTE).

Multiplying both sides of the LRTE given by (6.63) by an arbitrary function
I∗(τ,Ω) and using the definition of the adjoint operator as given by (6.29), we
obtain

(
I∗, LδI

)
=
(
L∗I∗, δI

)
=
(
I∗,

P∑
p=1

vp(τ)Ψp

)
. (6.64)

Let us require now that the function I∗(τ,Ω) is the solution of the following
linear operator equation:

L∗I∗ = R , (6.65)

where R is the response function given by (6.50). Then, substituting the response
function R instead of L∗I∗ into (6.64), we obtain the expression for the variation
of the measured functional δΦ(τv,Ωv) = (R, δI) as the scalar product of the
adjoint intensity, I∗, and the right-hand side of LRTE given by (6.63):

δΦ(τv,Ωv) = (R, δI) =

(
I∗,

P∑
p=1

vp(τ)Ψp

)
. (6.66)

Thus, we have obtained the desired linear relationship between the variation of
the measured functional and variations of the atmospheric and surface parame-
ters. We note that the adjoint intensity, I∗, as a solution of (6.65) is a function of
variables τ and Ω and depends parametrically on variables τv and Ωv describing
the position and direction of observation, i.e., I∗ ≡ I∗(τ,Ω; τv,Ωv). However, for
simplicity the explicit notation of the dependence of the adjoint intensity on the
observation position, τv, will be omitted in the following discussion.

Introducing a short notation for the integral of the product of two arbitrary
functions f(τ,Ω) and g(τ,Ω) over Ω as

∫
4π

f(τ,Ω)g(τ,Ω) dΩ ≡ 〈fg〉 , (6.67)
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and taking into account that the scalar product is defined according to (6.30),
the variation of the measured functional δΦ as given by (6.66) can be rewritten
as follows:

δΦ(τv,Ωv) =
P∑

p=1

∫ τ0

0
〈ΨpI

∗〉 vp(τ) dτ . (6.68)

Thus, in the case of one scalar parameter, c, and one parameter-function, p(τ),
we obtain

δΦ(τv,Ωv) = vc

∫ τ0

0
〈ΨcI

∗〉 dτ +
∫ τ0

0
〈ΨpI

∗〉 vp(τ) dτ . (6.69)

Comparing this equation to (6.6), we conclude that the weighting functions for
a scalar parameter and for a parameter-function can be written as

Wc(τv,Ωv) =
∫ τ0

0

〈
ΨcI

∗〉 dτ ≡
∫ τ0

0

∫
4π

Ψc(τ,Ω)I∗(τ,Ω; Ωv) dΩ dτ (6.70)

and
Wp(τ ; τv,Ωv) =

〈
ΨpI

∗〉 ≡
∫

4π

Ψp(τ,Ω)I∗(τ,Ω; Ωv) dΩ , (6.71)

respectively. Here, functions Ψc(τ,Ω) and Ψp(τ,Ω) are given by (6.61) and the
adjoint intensity, I∗(τ,Ω; Ωv), is the solution of the adjoint RTE given by (6.65).

The derived WFs for the parameter-functions provide a linear relationship
between the variation of the intensity at a given position and direction and
the variation of a certain optical parameter at any point inside the medium.
Equatioins (6.70) and (6.71) signify the importance of the adjoint intensity,
I∗(τ,Ω), for the calculations of the weighting functions and, therefore, for the
solution of inverse problems.

Although Eqs (6.59)–(6.61) can be used to obtain analytical expressions for
the auxiliary functions Ψp(τ,Ω) and, thus, for the corresponding weighting func-
tions, for any desired parameter, in practice only the analytical expressions for
the weighting functions with respect to the directly involved in the formulated
RTE parameters are required whereas WFs for all other parameters can be ob-
tained as a linear combination of the weighting functions for these main param-
eters. In the case under consideration main parameter-functions are the extinc-
tion coefficient, single scattering albedo and kinetic temperature of the medium,
and the scalar parameters are the surface albedo, surface emissivity and surface
temperature, whereas secondary parameter-functions whose weighting functions
can be obtained as a linear combination of the main parameter WFs mentioned
above are, for example, the scattering and absorption coefficients. For this rea-
son, only the analytical expressions for auxiliary functions corresponding to the
main parameters are presented in the Appendix.
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6.5 Weighting functions for absorption
and scattering coefficients

The expressions for the extinction coefficient and the single scattering albedo
weighting functions derived in the Appendix (see Eqs (6.240) and (6.244), re-
spectively) allow us to formulate the weighting functions for the scattering and
absorption coefficients as well. Indeed, assuming that both extinction coefficient
and single scattering albedo are varying simultaneously, we can write

δφ(τ ; τv,Ωv) = We(τ ; τv,Ωv)ve(τ) + Wω(τ ; τv,Ωv)vω(τ) , (6.72)

where δφ(τ ; τv,Ωv) dτ can be considered as the contribution of the extinction
coefficient and single scattering albedo variations within an infinitesimal layer
positioned at the optical depth τ , into the variation of the measured functional,
δΦ(τv,Ωv), i.e.,

δΦ(τv,Ωv) =
∫ τ0

0
δφ(τ ; τv,Ωv) dτ . (6.73)

The relative variations ve(τ) and vω(τ) can be caused by variations of the ab-
sorption and/or scattering coefficients, namely

ve(τ) = vs(τ)ω(τ) + va(τ)[1 − ω(τ)] , (6.74)
vω(τ) = [vs(τ) − va(τ)][1 − ω(τ)] , (6.75)

where ω(τ) is the single scattering albedo and the relative variations of the
scattering and absorption coefficients (σs(τ) and σa(τ), respectively) are given by
vs(τ) = δσs(τ)/σs(τ) and va(τ) = δσa(τ)/σa(τ), respectively. Substituting ve(τ)
and vω(τ) according to (6.74) and (6.75) into (6.72) and introducing functions
Wa and Ws as follows:

Wa(τ ; τv,Ωv) =
[
We(τ ; τv,Ωv) − Wω(τ ; τv,Ωv)

][
1 − ω(τ)

]
, (6.76)

Ws(τ ; τv,Ωv) = We(τ ; τv,Ωv)ω(τ) + Wω(τ ; τv,Ωv)[1 − ω(τ)] , (6.77)

we have

δφ(�v, τ) = Wa(τ ; τv,Ωv)va(τ) + Ws(τ ; τv,Ωv)vs(τ) . (6.78)

Thus, functions Wa(τ ; τv,Ωv) and Ws(τ ; τv,Ωv) defined by (6.76) and (6.77) are
the weighting functions for the absorption and scattering coefficients, respec-
tively. As pointed out in the previous section, these WFs are expressed as a
linear combination of the corresponding WFs for the extinction coefficient and
the single scattering albedo.
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6.6 Weighting functions for a mixture of scattering
and absorbing components

In the previous sections we have derived the expressions for the weighting func-
tions appropriate to the direct RTE formulated for the extinction coefficient
and the single scattering albedo as two independent variables. In this section we
extend the derived expressions for the case of a mixture of the scattering and
absorbing components. This is of great importance for the Earth’s atmosphere,
where the solar radiation can be scattered by the molecules, aerosol particles,
or cloud droplets and it be absorbed by various gases. The scattering and the
extinction coefficients are defined in this case as follows:

σs(τ) =
Ns∑
i=1

si(τ) , (6.79)

σe(τ) = σs(τ) +
Na∑
k=1

ak(τ) , (6.80)

where si(τ) is the scattering coefficient for the ith component, Ns is the number
of the scattering components, ak(τ) is the kth absorption coefficient, and Na is
the number of absorbing components including the absorption by aerosol, gases
and clouds. The probability of the photon scattering on the ith component can
now be defined as follows:

ωi(τ) =
si(τ)
σe(τ)

. (6.81)

This probability will be referred to as the partial single scattering albedo. Taking
into account that each sort of the scattering components has its phase function,
the radiative transfer operator, Le, given by (6.13) should be rewritten as follows:

Le = µ
d
dτ

+ 1 −
Ns∑
i=1

ωi(τ)
4π

∫
4π

dΩ′pi(τ,Ω,Ω′)⊗ , (6.82)

where pi(τ,Ω,Ω′) is the phase function appropriate to the ith scattering com-
ponent. Assuming that the scattering processes on the different components are
independent, we do not need any additional modification to describe the ra-
diative transfer in the medium consisting of a mixture of the scattering and
absorbing particles.

To modify the derived expressions for WFs, we consider the extinction coef-
ficient and the partial single scattering albedos to be main parameter-functions.
Although the expression for the extinction coefficient WF remains the same as
given by (6.240), the multiple scattering source function, J(τ,Ω), consists now of
a sum of the multiple scattering source functions for all scattering components:

J(τ,Ω) =
Ns∑
i=1

Ji(τ,Ω) =
Ns∑
i=1

ωi(τ)
4π

∫
4π

pi(τ,Ω,Ω′)I(τ,Ω′) dΩ′ . (6.83)
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Thus, the expression for the extinction coefficient WF can be written as follows:

We(τ ; τv,Ωv) =
∫

4π

I∗(τ,Ω; Ωv)
[
J(τ,Ω) + Se(τ,Ω) − I(τ,Ω)

]
dΩ , (6.84)

where J(τ,Ω) is given by (6.83).
The WF for the partial single scattering albedo, ωi(τ), can be derived in a

way analogical to the derivation of the WF for the single scattering albedo in the
case of one scattering component. Considering ωi(τ) as an independent variable,
the result can be written in the form of Eq. (6.244) as follows:

Wωi
(τ ; τv,Ωv) =

∫
4π

I∗(τ,Ω; Ωv)
[
Ji(τ,Ω) −B(τ)ωi(τ)

]
dΩ . (6.85)

Let us now derive WF for the absorption coefficient and the scattering coefficient
of the kth component. Assuming that the extinction coefficient and all partial
single scattering albedos are varying, we can write

δφ(τ ; τv,Ωv) = We(τ ; τv,Ωv)ve(τ) +
Ns∑
i=1

Wωi(τ ; τv,Ωv)vωi(τ) , (6.86)

where δφ(τ ; τv,Ωv) dτ is the contribution of the extinction coefficient and the
partial single scattering albedo variations within an infinitesimal layer positioned
at the optical depth τ , into the variation of the measured functional, δΦ(τv,Ωv),
as given by (6.73), and vωi(τ) is the relative variation of the ith partial single
scattering albedo, i.e., vωi

(τ) = δωi(τ)/ωi(τ). Varying the extinction coefficient,
σe(τ), and the partial single scattering albedo, ωi(τ), with respect to the kth
absorption coefficient, we obtain

ve(τ) =
δkσe(τ)
σe(τ)

=
ak(τ)
σe(τ)

vak
(τ) , (6.87)

vωi
(τ) =

1
ωi(τ)

δk

[
si(τ)
σe(τ)

]
= −ak(τ)

σe(τ)
vak

(τ) , (6.88)

where vak
(τ) = δak(τ)/ak(τ). Substituting (6.87) and (6.88) into (6.86), we have

δkφ(τ ; τv,Ωv) =

[
We(τ ; τv,Ωv) −

Ns∑
i=1

Wωi(τ ; τv,Ωv)

]
ak(τ)
σe(τ)

vak
(τ) . (6.89)

Introducing the WF for the single scattering albedo, ω(τ) =
∑
ωi(τ), as follows:

Wω(τ ; τv,Ωv) =
Ns∑
i=1

Wωi(τ ; τv,Ωv) , (6.90)

and taking into account (6.85) for the partial single scattering albedo WF, we
have
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Wω(τ ; τv,Ωv) =
∫

4π

I∗(τ,Ω; Ωv)
[
J(τ,Ω) −B(τ)ω(τ)

]
dΩ , (6.91)

where the multiple scattering source function, J(τ,Ω), is given by (6.83) and
ω(τ) is the single scattering albedo. Thus, the expression for the kth absorption
coefficient WF can be written in the following form:

Wak
(τ ; τv,Ωv) =

ak(τ)
σe(τ)

[
We(τ ; τv,Ωv) − Wω(τ ; τv,Ωv)

]
. (6.92)

In an analogous way we can derive the expression for the kth scattering coef-
ficient WF. Indeed, varying now the extinction coefficient, σe(τ), and the partial
single scattering albedo, ωi(τ), with respect to the kth scattering coefficient, we
obtain

ve(τ) = ωk(τ)vsk
(τ) , (6.93)

vωi(τ) = −ωk(τ)vsk
(τ), i �= k , (6.94)

vωk
(τ) = vsk

(τ) − ωk(τ)vsk
(τ), i = k , (6.95)

where vsk
(τ) = δsk(τ)/sk(τ).

Substituting (6.93)–(6.95) into (6.86), we have

δkφ(τ ; τv,Ωv) =

[
We(τ ; τv,Ωv) −

Ns∑
i=1

Wωi
(τ ; τv,Ωv)

]
ωk(τ)vsk

(τ)

+ Wωk
(τ ; τv,Ωv)vsk

(τ) . (6.96)

Thus, the expression for the kth scattering coefficient WF can be written in the
following form:

Wsk
(τ ; τv,Ωv) = ωk(τ)

[
We(τ ; τv,Ωv) − Wω(τ ; τv,Ωv)

]

+ Wωk
(τ ; τv,Ωv) . (6.97)

Here, functions We, Wωk
, and Wω are given by (6.84), (6.85), and (6.91), re-

spectively. Thus, we can see that also for a mixture of scattering and absorbing
components the weighting functions for the scattering and absorption coefficients
of each particle type can be expressed as a linear combination of WF derived for
the main parameter-functions.

6.7 Examples of weighting functions for the aerosol
and cloud parameters

In this section we compare the weighting functions for the absorption and scat-
tering coefficients of the aerosol particles and for the scattering coefficient of the
water droplets calculated according to the analytical expressions given by (6.92)
and (6.97) to WFs obtained employing the numerical perturbation approach.
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We will assume here that the measured functional, Φ(τv,Ωv), is the intensity of
the reflected radiation at the top of atmosphere (TOA) in the nadir direction.
As pointed out in section 6.2, the WF for the absolute variation of a certain
atmospheric parameter corresponds to the variational derivative of the intensity
with respect to this parameter. Therefore, the WF can be calculated directly ac-
cording to the definition of the variational derivative given by (6.3). Employing
the finite-difference approximation, this expression can be rewritten as follows:

Vp(τi; τv,Ωv) ≈ I[τv,Ωv; p(τ) + ∆p(τi)] − I[τv,Ωv; p(τ)]
∆p(τi)

, (6.98)

where I[τv,Ωv; p(τ)] and I[τv,Ωv; p(τ) + ∆p(τi)] are the unperturbed and per-
turbed intensities at the optical depth τv in direction Ωv and ∆p(τi) is the per-
turbation of the parameter p(τ) at the altitude level τi. Equation (6.98) provides
the finite-difference approximation for the variational derivative and, therefore,
for the weighting function at an altitude level with the optical depth τi. Assum-
ing that the entire atmosphere is divided into N − 1 layers, WF can be obtained
for all altitude levels successively employing (6.98) for i = 1, . . . , N . Thus, WFs
for all discrete levels can be obtained running the radiative transfer model once
for the unperturbed value of the desired parameter and subsequently N times
to account for parameter perturbations at all discrete altitude levels:

pi(τ) = p(τ) + ∆p(τi), i = 1, . . . , N . (6.99)

Weighting functions calculated according to the described approach will be re-
ferred to as the numerical weighting functions.

It is worth noting that numerical WFs calculated according to (6.98) can-
not be directly compared to the analytical WFs resulting from, for example,
Eq. (6.97). The main reason for this is as follows. Any numerical method of
solving the radiative transfer equation assumes a certain distribution of optical
parameters within each discrete layer in the atmosphere and this distribution
is based on the values specified at the boundaries of layers, i.e., at internal dis-
cretization levels. For this reason, a perturbation of the parameter p(τ) at an
altitude level corresponding to the optical depth τi affects the vertical distribu-
tion of this parameter in both upper and lower layers having their boundary at
this altitude, i.e., effectively the vertical distribution of the parameter is per-
turbed within two layers. Thus, the numerical WFs describe the variation of the
intensity caused by the variation of the optical parameter within two altitude
layers having a finite geometrical and optical thicknesses, whereas the analytical
WFs describe the intensity variation caused by the variation of the parameter in
an infinitesimally thin altitude layer. Therefore, to compare the numerical and
analytical WFs we introduce the layer-integrated analytical WF corresponding
to the variation of the parameter p(τ) at the discrete level τi as follows:

Wp(τi; τv,Ωv) =
1
2

∫ τi+1

τi−1

Wp(τ ; τv,Ωv) dτ , (6.100)

where the integration is performed over two neighboring layers bordered by the
altitude level τi.
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Although the computation of the numerical WFs employing (6.98) is very
time-consuming, they are often needed to prove the correctness of the derivation
and of the numerical implementation of the corresponding analytical expressions.

6.7.1 Weighting functions for the aerosol scattering coefficient
and aerosol particles number density

At first we compare the numerical and the layer-integrated analytical WFs for
the aerosol scattering coefficient in the O2-A absorption band (spectral range
758–773 nm). The vertical profiles of the aerosol extinction coefficient and of the
aerosol single scattering albedo used in calculations are presented in Fig. 6.1. The
profiles are shown at 758 nm wavelength. The phase function of the aerosol par-
ticles was reperesented by the Heney–Greenstein phase function with a constant
asymmetry parameter of 0.67.

According to the definition of the layer-integrated WFs the variation of the
aerosol scattering coefficient, ∆sa(τi), at the level τi causes the variation of the
intensity at the optical depth τv in the direction Ωv which can be expressed as
follows:

∆iI(τv,Ωv) = Wsa(τi; τv,Ωv)vsa(τi) . (6.101)

Here, Wsa
(τi; τv,Ωv) is the layer-integrated WF for the aerosol scattering coef-

ficient and vsa(τi) is its relative variation. Dividing both sides of this equation

Fig. 6.1. Vertical profiles of the aerosol extinction coefficient (left panel) and of the
aerosol single scattering albedo (right panel) used in the comparison of the weighting
functions.
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by the intensity I(τv,Ωv), we obtain

∆iI(τv,Ωv)
I(τv,Ωv)

=
Wsa(τi; τv,Ωv)
I(τv,Ωv)

vsa(τi) = Rsa(τi; τv,Ωv)vsa(τi) . (6.102)

Thus, assuming 1% variation of the aerosol scattering coefficient, vsa
(τi), within

a layer with a geometrical thickness ∆iz = zi+1−zi−1, the percentage variation of
the intensity becomes numerically equivalent to the normalized layer-integrated
WF, Rsa(τi; τv,Ωv).

Comparisons of the numerical and the normalized layer-integrated analytical
WFs for the aerosol scattering coefficient in the monochromatic case at selected
wavelengths within the O2-A absorption band are shown in Fig. 6.2. The numer-
ical WFs were calculated assuming the relative variation of the aerosol scattering
coefficient to be 0.01% at each atmospheric level. The entire atmosphere between
0 and 60 km was divided into 60 layers. As seen from the plot the shape and the
maximum value of WFs are strongly dependent on the gaseous absorption. At
very week absorption (τg = 0.006 in Fig. 6.2) the maximum of WF is located
near the surface and the maximum value is about 0.004%. An enhanced gaseous
absorption causes the second maximum in the altitude region of the stratospheric
aerosol layer (∼18 km, see Fig. 6.1) to appear. Further increase in the optical

Fig. 6.2. Comparison of the numerical (symbols) and the normalized layer-integrated
analytical WFs (solid line) for the aerosol scattering coefficient at selected wavelengths
within the O2-A absorption band: 1, 758.2 nm; 2, 763.8 nm; 3, 760.055 nm. The optical
thicknesses of gaseous absorbers (τg) at these wavelengths is shown in the legend. The
weighting functions were calculated for the monochromatic reflected intensity at TOA
observed in the nadir viewing geometry at a solar zenith angle of 45◦. The surface
albedo was set to 0.3.
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thickness of the gaseous absorber to 1.44 raises the lower maximum of the WF
and increases the value of the upper maximum to about 0.01%.

Obtained results demonstrate that spectral measurements of the reflected
intensity within the absorptions bands of atmospheric gases, e.g., O2-A band,
contain certian information about the vertical distribution of the aerosol optical
parameters. To illustrate this we consider more realistic case of measurements
of the reflected solar radiance at TOA in the entire O2-A absorption band with
a finite spectral resolution. The instrument slit function is approximated by the
boxcar function with a full width of 0.05 nm. The corresponding spectrum of the
reflected solar radiance observed at TOA in nadir viewing geometry is shown in
Fig. 6.3. The intensity were simulated assuming the incident solar flux at TOA to
be equal π. This intensity is closely related to the reflection function, R, defined
as follows:

R =
πI

µ0F
, (6.103)

where I is the intensity of radiation, F is the incident solar flux, and µ0 is the
cosine of the solar zenith angle. If the incident solar flux, F , is assumed to be
equal π as mentioned above, the following relationship between the reflection
function and the intensity is obtained:

R =
I

µ0
. (6.104)

The variations of the aerosol scattering and absorption coefficients are caused
in particular by the variation of the aerosol particles number density, Na(τ).

Fig. 6.3. Reflected solar radiation in the O2-A absorption band spectral range observed
at TOA in the nadir viewing geometry at a solar zenith angle of 45◦. The surface albedo
was set to 0.3. The wavelengths selected for presentation of the weighting functions in
Fig. 6.4 are marked by the numbers.
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Their relative variations can be expressed via the variation of Na(τ) as follows:

δsa(τ)
sa(τ)

=
δNa(τ)
Na(τ)

and
δaa(τ)
aa(τ)

=
δNa(τ)
Na(τ)

. (6.105)

Since a variation of the aerosol particles number density leads to variations of
both aerosol scattering and absorption coefficients, the corresponding weighting
function has to be given by a linear combination of the aerosol scattering and
absorption coefficient WFs, namely, taken into account (6.105), by their sum:

WNa
(τ ; τv,Ωv) = Wsa(τ ; τv,Ωv) + Waa

(τ ; τv,Ωv) . (6.106)

Figure 6.4 shows the normalized layer-integrated WFs for the aerosol particle
number density at selected wavelengths within the O2-A absorption band. As
can be clearly seen, the shape and the maximum value of WFs are strongly
dependend on the optical thickness of the gaseous absorber. For example, in a
case of a weak gaseous absorption, τg � 6, (left panel in Fig. 6.4) the max-
ima of the WFs are located in the lower troposphere and 1% variation in the
particle number density within the boundary layer causes the variation of the
reflected intensity in the range from −0.0015% to +0.002% depending on τg. In
the spectral channels characterized by a stronger gaseous absorption, τg � 9,
(right panel in Fig. 6.4) WFs have their maxima in the altitude region of the

Fig. 6.4. Normalized layer-integrated WFs for the aerosol particle number density
at selected wavelengths within the O2-A absorption band. The optical thicknesses of
gaseous absorbers at these wavelengths is: 1, 0.5; 2, 5.5; 3, 1.1; 4, 0.2; 5, 9.1; 6, 28.5;
7, 14.2; 8, 17.5. The weighting functions were calculated for the reflected intensity at
TOA observed in the nadir viewing geometry at a solar zenith angle of 45◦. The surface
albedo was set to 0.3.
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stratospheric aerosol layer (∼18 km). The sensitivity of the reflected radiance to
the variation of the stratospheric aerosol particles concentration is much higher
than in the case of the boundary layer aerosol. For example, 1% variation of the
aerosol number density at the altitude of about 18 km causes a relative variation
of the reflected intensity at the TOA of about 0.015% in a spectral channel with
τg = 17.5.

A quick look analysis of the vertical behavior of the aerosol number density
WFs shows that their maxima are located at 0, 2, or 18 km altitudes depending
on the optical thickness of the gaseous absorber. Therefore, we can conclude that
the reflected solar radiation measured in the O2-A absorption band contains in-
formation about three to four parameters characterizing the vertical distribution
of the aerosol particle number density. This conclusion agrees very well with re-
sults of extensive analyses of the information content of spectral measurements
of the reflected solar radiation in the O2-A absorption band with respect to the
vertical distribution of aerosol optical properties reported in [20,29].

6.7.2 Weighting functions for the cloud scattering coefficient

Let us further discuss WFs for the cloud scattering coefficient. As an example,
we consider the reflected radiance at TOA in the O2-A absorption band spectral
range. Figure 6.5 shows vertical profiles of the scattering coefficient and the sin-
gle scattering albedo within a water cloud located between 3 and 4 km altitude.
The profiles are presented at two selected wavelengths for both vertically homo-
geneous and inhomogeneous water clouds. Here, the single scattering albedo of
cloud, ωc(z), is defined as follows:

ωc(z) =
sc(z)
σe(z)

, (6.107)

where sc(z) is the cloud scattering coefficient and σe(z) is the extinction co-
efficient comprizing all absorption coefficients of atmospheric gases, Rayleigh
scattering coefficient, and aerosol and cloud extinction coefficients. Therefore,
the cloud single scattering albedo depends on the altitude even in the case of a
vertically homogeneous cloud.

Now let us introduce the normalized weighting functions for cloud scattering
coefficient, i.e., the weighting functions describing the relative variation of the
intensity. Similarly to (6.102) we obtain for the relative variation of the intensity:

∆iI(τv,Ωv)
I(τv,Ωv)

=
Wsc

(τi; τv,Ωv)
I(τv,Ωv)sc(τi)

∆sc(τi) = Rsc
(τi; τv,Ωv)∆sc(τi) . (6.108)

Unlike the aerosol WFs, the normalized WFs, Rsc
(τi; τv,Ωv), introduced here

describe the relative variation of the intensity caused by an absolute, ∆sc(τi),
rather than a relative, ∆sc(τi)/sc(τi), variation of the cloud scattering coefficient.
Thus, the introduced normalized WF, Rsc(τi; τv,Ωv), is numerically equivalent
to the relative variation of the intensity observed at the optical depth τv and
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Fig. 6.5. Vertical profiles of the cloud scattering coefficient (left panel) and the cloud
single scattering albedo (right panel) within a water cloud. The single scattering albedo
is shown with solid lines (cases 1 and 2) for a homogeneous and with dashed lines (cases
3 and 4) for an inhomogeneous water cloud. The curves with and without symbols rep-
resent the single scattering albedo at 760.055 and 763.775 nm, respectively. The optical
tickness of the gaseous absorbers at these wavelengths is 1.44 and 0.86, respectively.

direction Ωv caused by 1 km−1 variation of the cloud scattering coefficient at the
level τi.

Comparisons of the numerical and normalized layer-integrated analytical
WFs for the cloud scattering coefficient at two selected wavelengths for a ver-
tically homogeneous and inhomogeneous cloud are shown in Fig. 6.6 for the
monochromatic case. The layer-integrated WFs were obtained according to
(6.100) assuming the geometrical thickness of integration layers (i.e., τi+1−τi−1)
to be 50 m. The numerical WFs were calculated employing the numerical pertur-
bation approach assuming 0.01% variation of the cloud scattering coefficient. As
can be seen from the plot an enhancement of the gaseous absorption inscreases
maximum values of WFs. Although the altitudinal behavior of WFs in homoge-
neous and inhomogeneous clouds is similar, their maxima are located closer to
the cloud top height in the case of a homogeneous cloud.

To illustrate the influence of the gaseous absorption on the WFs of the cloud
scattering coefficient we consider the reflected radiation within the entire O2-
A absorption band. The spectral distribution of the reflected solar radiation
observed at TOA in the nadir viewing geometry is shown in Fig. 6.7. The calcu-
lations were performed for a finite spectral resolution assuming the instrument
slit function to be the boxcar function with a full width of 0.05 nm. To inves-
tigate the dependence of WFs on the optical thickness of gaseous absorbers we
have selected five wavelengths marked in Fig. 6.7 by the numbers. The optical



6 Derivatives of the radiation field 229

Fig. 6.6. Comparisons of the numerical (symbols) and normalized layer-integrated
(solid line) WFs (layer geometrical thickness 50 m) for the cloud scattering coefficient
at two selected wavelengths: 1, 763.775 nm (τg = 0.86); 2, 760.055 nm (τg = 1.44). The
comparisons were performed for a solar zenith angle of 45◦, surface albedo of 0.3, and
cloud optical thickness of 10.

Fig. 6.7. Reflected solar radiation in the O2-A absorption band spectral range in
the presence of a homogeneous water cloud calculated for the same conditions as in
Fig. 6.6. The wavelengths selected for presentation of the weighting functions in Fig. 6.8
are marked by the numbers.
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thickness of gaseous absorbers ranges from 0.01 to 22 at these wavelengths. Fig-
ure 6.8 shows the normalized layer-integrated WFs at the selected wavelengths.
At wavelengths where the gaseous absorption is weak, WFs are almost constant
within the cloud demonstrating that no information on the vertical distribution
of the cloud scattering coefficient within the cloud can be obtained. However,
since the variation of the scattering coefficient at any altitude level within the
cloud causes nearly the same variation of the reflected intensity, information
on the optical thickness of the cloud independent of its vertical structure can
be retrieved from measurements at these wavelengths. An enhancement in the
optical thickness of the gaseous absorbers leads to an increased sensitivity of the
reflected solar radiation to variations of the scattering coefficient in the upper
part of a cloud. Thus, as can be seen from Fig. 6.8, for example, for the optical
thickness of gaseous absorber of 9.11 a variation of the scattering coefficient of
1 km−1 near the cloud top height causes a variation of the intensity of about
0.24% whereas the same variation of the scattering coefficient near the cloud
bottom results in just 0.15% variation of the intensity.

Fig. 6.8. Normalized layer-integrated WFs (layer geometrical thickness 50 m) for the
cloud scattering coefficient at the wavelengths selected according to Fig. 6.7 corre-
sponding to different values of optical thickness of gaseous absorber, τg.
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6.8 Weighting functions for temperature and pressure

6.8.1 Theory

Variations in the vertical distributions of the temperature and pressure cause
variations of the Rayleigh scattering coefficient as well as of the cross-sections of
atmospheric gases. The strongest dependence on the temperature and pressure
takes place in the near-infrared spectral range for the absorption cross-sections of
atmospheric gases and in the ultraviolet spectral range for the Rayleigh scatter-
ing coefficient. In this section we will demonstrate that appropriate expressions
for the temperature and pressure WFs can be obtained as a linear combina-
tion of WFs for the Rayleigh scattering coefficient and absorption coefficients of
atmospheric gases employing the expressions for the scattering and absorption
coefficients WFs derived in section 6.6. We will not consider here the variation
of the Planck function caused by the variation in the vertical distributions of the
temperature which is of great importance in the thermal spectral region only
(see [30–32]).

Let us assume that the variation of the measured functional is caused by the
variation of the gaseous absorption coefficient, ak(τ), only. Then we can rewrite
(6.6) as follows:

δΦ(τv,Ωv) =
∫ τ0

0
Wak

(τ ; τv,Ωv)vak
(τ) dτ , (6.109)

where Wak
(τ ; τv,Ωv) given by (6.92) and vak

(τ) are the weighting function and
the relative variation of the kth gaseous absorption coefficient, respectively. As-
suming further that the concentration of the absorbing gas does not vary, we
have

δak(τ) = nk(τ)δσk(τ) , (6.110)

where nk(τ) is the number density profile of kth absorbing gas and the variation
of the absorption cross-section, δσk(τ), is caused by variations of the temperature
and pressure. Employing the Taylor series expansion of the absorption cross-
section as a function of the temperature, T (τ), and the pressure, P (τ), we obtain
in the linear approximation:

δσk(τ) =
∂σk(τ)
∂T (τ)

δT (τ) +
∂σk(τ)
∂P (τ)

δP (τ) , (6.111)

where ∂σk(τ)/∂T (τ) and ∂σk(τ)/∂P (τ) are the partial derivatives of the cross-
section with respect to temperature and pressure, respectively. The partial
derivatives can be calculated analytically or numerically. Substituting δak(τ)
given by (6.110) into (6.109) and taking into account (6.111), we obtain the fol-
lowing linear relationship between the variation of the measured functional and
variations of T (τ) and P (τ):

δΦ(τv,Ωv) =
∫ τ0

0

Wak
(τ ; τv,Ωv)
σk(τ)

[
∂σk(τ)
∂T (τ)

δT (τ) +
∂σk(τ)
∂P (τ)

δP (τ)
]

dτ . (6.112)
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Thus, WFs for the temperature and pressure profiles are obtained as follows:

Wa
T (τ ; τv,Ωv) =

K∑
k=1

∂ lnσk(τ)
∂T (τ)

Wak
(τ ; τv,Ωv) , (6.113)

Wa
P (τ ; τv,Ωv) =

K∑
k=1

∂ lnσk(τ)
∂P (τ)

Wak
(τ ; τv,Ωv) , (6.114)

where K is the full number of absorbing atmospheric gases. The superscript
‘a’ is introduced to emphasize that the corresponding WFs describe the varia-
tion of the measured functional caused by variations of the gaseous absorption
coefficients.

In the ultraviolet and visible spectral ranges the variations of the temperature
and pressure cause not only variations of the absorption cross-sections but also
the variation of the Rayleigh scattering coefficient which is strongly dependent
on the air number density and, therefore, on the temperature and pressure. To
account for the contribution of the Rayleigh scattering coefficient variation into
the variation of the measured functional we rewrite (6.109) in the following form:

δΦ(τv,Ωv) =
∫ τ0

0
Wsk

(τ ; τv,Ωv)vsk
(τ) dτ , (6.115)

where we have assumed that the variation of the measured functional is caused
only by the variation of the Rayleigh scattering coefficient whose relative vari-
ation is represented by vsk

(τ). Employing the Taylor series expansion of the
Rayleigh scattering coefficient as a function of the temperature and pressure, we
obtain in the linear approximation:

δsk(τ) =
∂sk(τ)
∂T (τ)

δT (τ) +
∂sk(τ)
∂P (τ)

δP (τ) . (6.116)

Similarly to (6.113) and (6.114) the contribution of the Rayleigh scattering co-
efficient to the temperature and pressure WFs can be obtained as follows:

Wr
T (τ ; τv,Ωv) =

∂ ln sk(τ)
∂T (τ)

Wsk
(τ ; τv,Ωv) , (6.117)

Wr
P (τ ; τv,Ωv) =

∂ ln sk(τ)
∂P (τ)

Wsk
(τ ; τv,Ωv) . (6.118)

Here, the superscript ‘r’ is introduced to emphasize that the corresponding WFs
describe the variation of the measured functional caused by the variation of the
Rayleigh scattering coefficient.

Thus, accounting for contributions of both the gaseous absorption and the
Rayleigh scattering, the temperature and pressure WFs are obtained as

WT (τ ; τv,Ωv) = Wa
T (τ ; τv,Ωv) + Wr

T (τ ; τv,Ωv) , (6.119)
WP (τ ; τv,Ωv) = Wa

P (τ ; τv,Ωv) + Wr
P (τ ; τv,Ωv) . (6.120)
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Derived WFs describe the contribution of variations of the temperature and
pressure at a given optical depth into the variation of the measured functional.
Assuming that the absolute variation of the temperature and the relative vari-
ation of the pressure can be considered to be independent of the altitude, the
integrated WFs can be introduced as follows:

WT (τv,Ωv) =

τ0∫

0

WT (τ ; τv,Ωv) dτ , (6.121)

WP (τv,Ωv) =

τ0∫

0

WP (τ ; τv,Ωv)P (τ) dτ . (6.122)

6.8.2 Examples

Using the integrated WFs, the variation of the measured functional can be rewrit-
ten in the following form:

δΦ(τv,Ωv) = WT (τv,Ωv)∆T + WP (τv,Ωv)
∆P
P

, (6.123)

where ∆T and ∆P/P are the absolute variation of the temperature and the
relative variation of the pressure, respectively, considered to be constant in the
entire atmosphere. Dividing both sides of (6.123) by the measured functional,
we introduce the normalized WFs for the temperature and pressure as follows:

δΦ(τv,Ωv)
Φ(τv,Ωv)

= RT (τv,Ωv)∆T + RP (τv,Ωv)
∆P
P

, (6.124)

where

RT (τv,Ωv) =
WT (τv,Ωv)
Φ(τv,Ωv)

, RP (τv,Ωv) =
WP (τv,Ωv)
Φ(τv,Ωv)

. (6.125)

Spectral dependence of RT (τv,Ωv) and RP (τv,Ωv) functions appropriate to
observations of the reflected solar radiance in the nadir viewing geometry is
illustrated in Fig. 6.9 for the CO2 absorption band spectral range, where only the
gaseous absorption is substantial, and in Fig. 6.10 for 320–330 nm spectral range,
where contributions of both the Rayleigh scattering and the ozone absorption
are significant. The numerical WFs for the temperature and pressure shown in
Figs 6.9 and 6.10 were calculated using the numerical perturbation approach
according to (6.98) assuming a relative variation of the pressure of 0.01% and
an absolute variation of the temperature of 0.1 K at each atmospheric level. As
can be seen from Fig. 6.9 the variation of the reflected intensity within the CO2
absorption band ranges from 0% to about −0.055% then caused by 1% variation
of the pressure and from −0.055% to about 0.045% then caused by 1K variation
in the temperature. Moreover, spectral dependencies of these variations are very
different. Contributions of other gaseous absorbers as well as of the Rayleigh
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Fig. 6.9. Numerical (symbols) and normalized integrated analytical (solid line) WFs
for relative variations of the pressure (left panel) and absolute variations of the temper-
ature (right panel). Calculations were performed for the reflected intensity observed at
TOA in the nadir viewing geometry at a solar zenith angle of 40◦. The surface albedo
was set to zero.

scattering can be neglected in this spectral range. This is, however, not the
case in 320–330 nm spectral range shown in Fig. 6.10. Here, due to the strong
contribution of the Rayleigh scattering, the relative variations of the intensity
are about an order of magnitude larger than in the CO2 absorption band spectral
range. For example, 1% variation of the pressure causes 0.7% variation of the
reflected intensity, whereas 1 K variation in the temperature results in −0.35%
variation of the intensity.

Even if the relative variations of the reflected intensity cased by variations
of atmospheric trace gas cross-sections are quite small, as occurs in the CO2
absorption band spectral range shown in Fig. 6.9, they can result in noticeable
additional errors in the retrieved trace gas number densities if corresponding pa-
rameters are neglected. For known uncertainties in the pressure and temperature
these errors can be estimated employing the obtained WFs.

Relative variations of the reflected intensity in CO2 absorption band spectral
range due to 1% variation of CO2 number density, 1% variation of the pressure,
and 1 K variation of the temperature are shown in Fig. 6.11. We note that relative
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Fig. 6.10. Same as Fig. 6.9 but for 320–330 nm spectral range.

Fig. 6.11. Relative variations of the reflected intensity in CO2 absorption band spectral
range due to 1% variation of CO2 number density (1), 1% variation of the pressure (2),
and 1K variation of the temperature (3). Calculations were performed for the reflected
intensity observed at TOA in the nadir viewing geometry at a solar zenith angle of
40◦. The surface albedo was set to zero.
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variations of the absorber number density and of the corresponding absorption
coefficient result in the same relative variation of the reflected intensity (see
[24] for details). As can be seen from Fig. 6.11, the relative variations of the
observed intensity due to variations of the pressure and CO2 number density have
very similar spectral dependence, whereas the response to 1% variation of CO2
number density is by a factor ∼2.5 stronger as compared to 1% variation of the
pressure. Thus, this simple comparison allows us to conclude that 1% retrieval
accuracy for CO2 number density can only be achieved if the uncertainty of the
atmospheric pressure does not exceed 2.5%. In the same manner, the influence of
the temperature and other atmospheric parameters on the retrieval accuracy of
CO2 number density can be evaluated as well. Essential results of a quantitative
analysis using the weighting function approach in the considered spectral range
are reported in [3].

6.9 Weighting functions for particle number concentration
and effective radius of droplets

6.9.1 Cloud parameters

The main optical parameters of a cloud are the scattering coefficient, the absorp-
tion coefficient, and the phase function. In the case of a vertically inhomogeneous
cloud these parameters are usually defined within the cloud as functions of the
altitude. Taking into account that the same cloud can be located at different
altitudes in the atmosphere, it is more convenient to employ a dimensionless
variable to describe vertical profiles of cloud parameters. As such a variable we
introduce

x =
zt − z

zt − zb
, (6.126)

where zt and zb are the cloud top height (CTH) and cloud bottom height (CBH),
respectively. The variable x is dimensionless and ranges from 0 at CTH to 1 at
CBH. The vertical profiles of cloud optical parameters can be defined using two
different approaches. The first one is to define the shape of the cloud extinction
coefficient, sh(x), within the cloud as a function of the dimensionless variable x.
Then assuming the water droplet or ice crystal single scattering albedo, ωk, to
be constant within the cloud, we obtain the following expressions for the cloud
scattering, sk(z), and absorption, ak(z), coefficients:

sk(z) = c ωksh(z) , (6.127)
ak(z) = c (1 − ωk)sh(z) , (6.128)

where c is the scaling parameter obtained requiring the optical thickness of
the cloud to be equal a pre-defined value of the optical thickness, τc, which is
considered to be an input optical integral parameter. Introducing the optical
thickness, τsh

, corresponding to the shape of the extinction coefficient, sh(z), as
follows:
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τsh
=

zt∫

zb

sh(z) dz , (6.129)

we obtain for the scaling factor:

c =
τc
τsh

. (6.130)

Thus, according to this approach the input parameters for the cloud are: single
scattering albedo, cloud optical thickness, and shape of the extinction coefficient.
The phase function is assumed to be constant within the cloud. This approach
will be used to define optical characteristics of water or ice clouds.

The second approach is based on the parameterization of the local optical
characteristics of the cloud such as the extinction coefficient and the single scat-
tering albedo. The extinction coefficients of water droplets, e1(z), and ice crys-
tals, e2(z), can be represented in the form of the following analytical expressions
[8]:

e1(z) =
3l1(z)

2r1(z)ρ1
Ke(z) , (6.131)

Ke(z) = 1 +Ax
−2/3
1 (z) −B

[
1 − eCx

−2/3
1 (z)

]
, (6.132)

e2(z) =
3l2(z)

2r2(z)ρ2
, (6.133)

where subscripts ‘1’ and ‘2’ correspond to water droplets and ice crystals, respec-
tively; l1(z) and l2(z) are the liquid water content (LWC) and ice water content
(IWC), respectively; r1(z) and r2(z) are the effective radii of particles defined as

rk(z) =
3V̄k(z)
Ḡk(z)

, k = 1, 2 , (6.134)

where V̄k(z) and Ḡk(z) are the average volume and the average surface area of
particles, respectively; xk(z) = 2πrk(z)/λ; λ is the wavelength; ρ1 and ρ2 are the
densities of the water and ice, respectively. Constants A, B, and C are calculated
employing the Mie theory: A = 1.1, B = 1.7 10−6 and C = 56.3 [8].

The absorption properties of the water and ice particles are defined by the
parameterization of the water droplets absorption coefficient, a1(z), and ice crys-
tals single scattering albedo, ω2(z), as follows [8]:

a1(z) =
4πχ1

λρ1
l1(z)Ka(z) , (6.135)

Ka(z) = 1.23
[
1 − 2.6x1(z)χ1

][
1 + 0.34

(
1 − e−8λ/r1(z)

)]
, (6.136)

ω2(z) = 1 − 0.47Kω(z) , (6.137)
Kω(z) = 1 − e−2ηx2(z)χ2 . (6.138)
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Here, χk represents the imaginary part of the refractive index mk = nk − iχk of
water (k = 1) and ice (k = 2), the parameter η depends on the assumed shape
of ice crystals. It is equal to 3.6 for fractal particles used in this work.

Summing up all obtained results, the scattering coefficient of the cloud will
be defined as

s1(z) =
l1(z)
ρ1

[
3Ke(z)
2r1(z)

− 4πχ1

λ
Ka(z)

]
, (6.139)

s2(z) =
3
2
l2(z)
r2(z)ρ2

[
1 − 0.47Kω(z)

]
, (6.140)

and the absorption coefficient as

a1(z) =
l1(z)
ρ1

4πχ1

λ
Ka(z) , (6.141)

a2(z) =
3
2
l2(z)
r2(z)ρ2

0.47Kω(z) . (6.142)

Thus, according to the second approach the input parameters for the cloud are:

– the vertical profiles of the liquid water and/or ice content;
– the vertical profiles of the effective radius of water droplets and/or ice crys-

tals;
– the imaginary part of the refractive index for water and/or ice.

The phase function is assumed to be constant within the cloud. This approach
will be used to define the local optical properties of water, ice or mixed clouds.

The accuracy of the proposed approximations has been studied in [8]. Com-
parisons of the obtained approximative formulae to the results of exact calcula-
tions show that the relative errors of the extinction coefficient approximation are
below 1% for λ < 2.5 µm and effective radii of water droplets greater than 4 µm.
The accuracy of the approximative expression for the absorption coefficient is
better than 10% for λ < 2.5 µm and the effective radii of water droplets between
4 and 16 µm. In the spectral range, where the absorption of the liquid water is
weaker (λ < 1.8 µm), the accuracy of the absorption coefficient approximation
is better than 5% for the same range of the effective radius.

The integral properties of the cloud such as cloud optical thickness (COT),
liquid water path (LWP ), and ice water path (IWP ) are obtained as follows:

τck
=

zt∫

zb

ek(z) dz , k = 1, 2 , (6.143)

LWP =

zt∫

zb

l1(z) dz , IWP =

zt∫

zb

l2(z) dz , (6.144)

where ek(z) is the extinction coefficient of water (k = 1) or ice (k = 2). Thus,
according to this approach, COT, LWP , and IWP are not considered as input
parameters.
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In the parameterization of the local cloud optical parameters given by
(6.139)–(6.142) the liquid or ice water content and effective radius are consid-
ered as two independent variables. However, at least for a water cloud, there is
a known relationship between LWC and the radius of water droplets. Assum-
ing that the size distribution of water droplets is given by the function f(r, z)
normalized as follows: ∫ ∞

0
f(r, z) dr = 1 , (6.145)

where r is the radius of water droplets, LWC at a given altitude z can be ex-
pressed as

l1(z) =
4πρ1

3
N(z)

∫ ∞

0
r3f(r, z) dr , (6.146)

where ρ1 is the density of the liquid water and N(z) is the particle number
concentration of droplets. Introducing the third moment of the size distribution
function as follows:

〈r3(z)〉 =
∫ ∞

0
r3f(r, z) dr (6.147)

and substituting it into (6.146), we obtain

l1(z) =
4πρ1

3
N(z)〈r3(z)〉 . (6.148)

In most cases, the measured particle size distribution function, f(r, z), can be
approximated by the gamma distribution (see [7] and references therein):

f(r, z) = Brµ e−µ[r/r0(z)] , (6.149)

where,

B =
µµ+1

Γ(µ+ 1)rµ+1
0 (z)

(6.150)

is the normalization constant and Γ(µ+1) is the gamma function. The parame-
ters µ and r0(z) characterize the width and the maximum position of the particle
size distribution function, respectively. Now let us assume that only parameter
r0(z) depends on the altitude z. In this case the following expressions for 〈r3(z)〉
and the effective radius, r1(z), can be obtained:

〈r3(z)〉 =
(
r0(z)
µ

)3 Γ(4 + µ)
Γ(1 + µ)

, (6.151)

r1(z) =
r0(z)
µ

(3 + µ) . (6.152)

Taking into account properties of the gamma function [13], we obtain the fol-
lowing relationship between the third moment and the effective radius:
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〈r3(z)〉 = r31(z)
(µ+ 2)(µ+ 1)

(µ+ 3)2
. (6.153)

Substituting obtained expression into (6.148) it follows:

l1(z) =
4πρ1

3
(µ+ 2)(µ+ 1)

(µ+ 3)2
N(z)r31(z) . (6.154)

Thus, for a water cloud, instead of the parameterization via dependent parame-
ters l1(z) and r1(z) we have obtained parameterization via an independent pair
N(z) and r1(z). This relationship is often used by the retrieval of water-cloud
droplet effective radius (see [5] and references therein).

6.9.2 Weighting functions

In this subsection we derive the weighting functions for the particle number con-
centration, N(z), liquid water content, l1(z), and the effective radius of water
droplets, r1(z). We start from expressions for the weighting functions for the
cloud absorption and scattering coefficients given by (6.92) and (6.97), respec-
tively. Let us assume that the variation of the measured functional, δΦ, is caused
by the variation of the cloud scattering, s1(τ), and absorption, a1(τ), coefficients
of the water droplets only. Then according to (6.68) we have

δΦ(τv,Ωv) =
∫ τ0

0
[Ws1(τ ; τv,Ωv)vs1(τ) + Wa1(τ ; τv,Ωv)va1(τ)] dτ , (6.155)

where vs1(τ) = δs1(τ)/s1(τ) and va1(τ) = δa1(τ)/a1(τ) are the relative varia-
tions of the scattering and absorption coefficients of water droplets, respectively.
The variation of the scattering and absorption coefficients given by (6.139) and
(6.141), respectively, can be caused by the variations of the particle number
concentration and the effective radius. Varying the expression for the scattering
coefficient given by (6.139) with respect to N(z) and r1(z), we obtain

δs1(z) = Fs(z)
∂l1(z)
∂N(z)

δN(z) +
[
Fs(z)

∂l1(z)
∂r1(z)

+ l1(z)
∂Fs(z)
∂r1(z)

]
δr1(z) , (6.156)

where the function Fs(z) is defined as follows:

Fs(z) =
1
ρ1

[
3
2
Ke(z)
r1(z)

− 4πχ1

λ
Ka(z)

]
. (6.157)

Equation (6.156) was obtained taking into account that according to (6.154) the
liquid water content is a function of N(z) and r1(z). If we consider the liquid
water content as an independent variable, then varying the expression for the
scattering coefficient given by (6.139) with respect to l1(z) and r1(z), we obtain

δs1(z) = Fs(z)δl1(z) + l1(z)
∂Fs(z)
∂r1(z)

δr1(z) . (6.158)
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Taking into account that ∂l1(z)/∂N(z) = l1(z)/N(z) and ∂l1(z)/∂r1(z) =
3l1(z)/r1(z) as well as Fs(z) = s1(z)/l1(z), we rewrite (6.156) and (6.158) in
the following form:

δs1(z) = s1(z)
δN(z)
N(z)

+ 3s1(z)
δr1(z)
r1(z)

+ l1(z)
∂Fs(z)
∂r1(z)

δr1(z) . (6.159)

δs1(z) = s1(z)
δl1(z)
l1(z)

+ l1(z)
∂Fs(z)
∂r1(z)

δr1(z) . (6.160)

Dividing both sides of this equation by s1(z), the relative variation of the scat-
tering coefficient can now be obtained via the variation of the particle number
concentration or of the liquid water content and of the effective radius of water
droplets as follows:

vs1(z) = vN (z) +
(

3 +
r1(z)
Fs(z)

∂Fs(z)
∂r1(z)

)
vr(z) , (6.161)

vs1(z) = vl1(z) +
r1(z)
Fs(z)

∂Fs(z)
∂r1(z)

vr(z) , (6.162)

where vN (z), vl1(z), and vr(z) are the relative variations of the particle number
concentration, liquid water content and the effective radius, respectively. Taking
into account that

r1(z)
Fs(z)

∂Fs(z)
∂r1(z)

=
∂ lnFs(z)
∂ ln r1(z)

, (6.163)

Equations (6.161) and (6.162) can be rewritten as follows:

vs1(z) = vN (z) +
(

3 +
∂ lnFs(z)
∂ ln r1(z)

)
vr(z) , (6.164)

vs1(z) = vl1(z) +
∂ lnFs(z)
∂ ln r1(z)

vr(z) . (6.165)

The expression for the variation of the absorption coefficient, δa1(z), can be
derived in a way analogous to the derivation of δs1(z). Introducing the function
Fa(z) as follows:

Fa(z) =
4πχ1

λρ1
Ka(z) , (6.166)

we obtain

va1(z) = vN (z) +
(

3 +
∂ lnFa(z)
∂ ln r1(z)

)
vr(z) , (6.167)

va1(z) = vl1(z) +
∂ lnFa(z)
∂ ln r1(z)

vr(z) . (6.168)

The weighting functions for relative variations of the particle number concen-
tration and effective radius of water droplets can now be obtained substituting
vs1(z), and va1(z) given by (6.164) and (6.167), respectively, into (6.155):
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WN (τ ; τv,Ωv) = Ws1(τ ; τv,Ωv) + Wa1(τ ; τv,Ωv) , (6.169)
WN

r (τ ; τv,Ωv) = F̃s(z)Ws1(τ ; τv,Ωv) + F̃a(z)Wa1(τ ; τv,Ωv) , (6.170)

where

F̃s(z) = 3 +
∂ lnFs(z)
∂ ln r1(z)

, F̃a(z) = 3 +
∂ lnFa(z)
∂ ln r1(z)

, (6.171)

and the superscript ‘N ’ of the WF for the effective radius denotes that this
weighting function corresponds to the pair (N, r), i.e., the particle number con-
centration and effective radius are considered as independent parameters.

The weighting functions for relative variations of the liquid water content
and effective radius of water droplets can be obtained in an analogous way
substituting vs1(z), and va1(z) given by (6.165) and (6.168), respectively, into
(6.155):

Wl1(τ ; τv,Ωv) = Ws1(τ ; τv,Ωv) + Wa1(τ ; τv,Ωv) , (6.172)

WLWC
r (τ ; τv,Ωv) =

∂ lnFs(z)
∂ ln r1(z)

Ws1(τ ; τv,Ωv)

+
∂ lnFa(z)
∂ ln r1(z)

Wa1(τ ; τv,Ωv) , (6.173)

where the superscript ‘LWC’ of the WF for the effective radius denotes that this
weighting function corresponds to the pair (LWC,r). Comparing expressions for
WFs obtained for the pairs (N, r) and (LWC,r), we see that WFs for the relative
variation of the particle number concentration and the relative variation of the
liquid water content are identical. The relationship between WLWC

r and WN
r

obtained for pairs (LWC,r) and (N, r), respectively, can be easily derived:

WN
r (τ ; τv,Ωv) = WLWC

r (τ ; τv,Ωv) + 3 WN (τ ; τv,Ωv) . (6.174)

Therefore, we obtain the linear relationship between the variation of the mea-
sured functional, δΦ(τv,Ωv), and relative variations of the particle number con-
centration and effective radius of water droplets as follows:

δΦ(τv,Ωv) =
∫ τ0

0

[
WN (τ ; τv,Ωv)vN (τ) + WN

r (τ ; τv,Ωv)vr(τ)
]

dτ . (6.175)

Introducing as a vertical coordinate the altitude z instead of the optical depth,
τ , and taking into account that variations of cloud parameters are non-zero only
within the cloud, we can rewrite (6.175) in the following form:

δΦ(zv,Ωv) =
∫ zt

zb

[
WN (z; zv,Ωv)vN (z) + WN

r (z; zv,Ωv)vr(z)
]
σe(z) dz .

(6.176)

This equation can be used to retrieve vertical profiles of the particle number
concentration and the effective radius of water droplets from measurements of the
transmitted or reflected solar radiation in the range of the liquid water absorption
or both within and outside the absorption bands of gaseous components such as
O2, O4, or CO2.
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6.10 Examples of weighting functions for particle number
concentration, liquid water content, and effective
radius of water droplets

In this section we consider selected examples of WFs for the particle number
concentration, liquid water content and effective radius of water droplets calcu-
lated using expressions obtained in the previous section. The normalized layer-
integrated WFs for relative variations of the effective radius of water droplets
and the liquid water content corresponding to the pair (LWC,r) are shown in
Fig. 6.12 at four selected wavelengths. All calculations were performed for a ver-
tically homogeneous water cloud having an optical thickness of 10. The wave-
lengths were selected as follows: one spectral point within the O2-A absorption
band characterized by a strong gaseous absorption (760.425 nm), two spectral
points within absorption bands of the liquid water (1.6 µm and 2.2 µm), and one
point in a spectral range where no absorption features are present (758.2 nm).
WFs shown here are defined as:

Rp(τi; τv,Ωv) =
Wp(τi; τv,Ωv)
I(τv,Ωv)

, (6.177)

where subscript p is equal to ‘r’ or to ‘l1’ for the effective radius of water droplets
and LWC, respectively. The function Rp(τi; τv,Ωv) equals to the percentage vari-
ation of the reflected intensity observed at TOA in the nadir viewing geometry
caused by a 1% variation of corresponding parameters at a given position within
a layer of 50 m geometrical thickness.

As can be seen from Fig. 6.12, WFs for LWC are always positive whereas WFs
for the effective radius of water droplets are always negative. This can be easily
explained considering the analytical expression for the water cloud scattering
coefficient given by (6.139). Indeed, the scattering coefficient is proportional to
LWC and inversely proportional to the effective radius of water droplets. There-
fore, an enhancement of the liquid water content leads to an enhancement of the
scattering coefficient and, thus, of the cloud optical thickness which results, in
turn, in an increase in the reflected intensity. This is why WFs for the liquid wa-
ter content are positive. These WFs show very week dependence on the altitude
at all considered wavelengths with exception of the spectral point at a strong
gaseous absorption (760.425 nm) where the sensitivity of the reflected radiation
to the variation of LWC near the cloud top is as large as twice the sensitivity to
the variation in the bottom cloud layers. Unlike LWC weighting functions, WFs
for the effective radius of water droplets show a significant dependence on the
altitude for all wavelengths where the gaseous or liquid water absorption occurs
whereas there is absolutely no altitude dependence of WF at spectral points
where no absorption signatures are present (758.2 nm). The maxima of WFs are
located near the cloud top. For example, as seen from the left panel in Fig. 6.12,
WF for the effective radius of water droplets at 2.2 µm wavelength in the layers
near the cloud top height is as large as twice the WF in the bottom cloud layers.

In the previous section we have derived the expression for the effective radius
WF introducing as an independent variable the particle number concentration
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Fig. 6.12. Normalized layer-integrated WFs (layer geometrical thickness 50 m) for the
relative variation of the effective radius of water droplets (left panel) and liquid water
content (right panel) corresponding to the pair (LWC,r). Calculations were performed
for the reflected solar radiance observed at TOA in nadir viewing geometry at a solar
zenith angle of 45◦ at the following wavelengths: 1, 758.2 nm; 2, 760.425 nm; 3, 1.6 µm;
4, 2.2 µm. A vertically homogeneous water cloud with an optical thickness of 10 was
assumed. The surface albedo was set to 0.3.

instead of the liquid water content. The corresponding WFs for the pair (N, r)
are shown in Fig. 6.13. As clearly seen, WFs change the sign if (N, r) instead of
(LWC,r) representation is used. This fact can be explained taking into account
that LWC expressed via the particle number concentration and the effective
radius of water droplets according to (6.154) is proportional to r3. Therefore, in
the spectral range where liquid water absorption is weak the scattering coefficient
given by (6.139) is proportional to r2. Thus, an increase of the effective radius of
water droplets under assumption that the particle number concentration remains
the same leads to an increase in the scattering coefficient and, therefore, in the
cloud optical thickness which results, in turn, in an increase in the reflected
radiation.

According to its definition, the weighting function provides a linear relation-
ship between the variation of the corresponding parameter and the variation of
the reflected or transmitted intensity. However, the intensity of the radiation
depends nonlinearly on such cloud parameters as the particle number concen-
tration and the effective radius of water droplets. The accuracy of the linear
approximation depends on the magnitude of the parameter variation as well as
on the observation geometry, on the solar zenith angle, on the cloud optical
thickness, on the absorption of light within the cloud, etc. To investigate the
accuracy of the linear approximation we assume that relative variations of all
parameters are constant within the cloud. Under this assumption the relative
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Fig. 6.13. Normalized layer-integrated WFs (layer geometrical thickness 50 m) for
the relative variation of the effective radius of water droplets corresponding to the pair
(N,r). Calculations were performed for the same conditions as in Fig. 6.12.

variation of the intensity can be expressed as follows:

∆I(τv,Ωv)
I(τv,Ωv)

=
Nl∑
i=1

Rp(τi; τv,Ωv)vp , (6.178)

where Nl is the number of layers within the cloud and subscript ‘p’ corresponds
to the effective radius or to the particle number concentration. The relative
variations of the reflected intensity corresponding to relative variations of the
effective radius, vr, and particle number concentration, vN , in the range of 5–20%
are shown in Fig. 6.14 and Fig. 6.15, respectively. The numerical values for
intensity variations are calculated according to the following expression:

∆I(τv,Ωv)
I(τv,Ωv; p)

=
I(τv,Ωv; p+ ∆p) − I(τv,Ωv; p)

I(τv,Ωv; p)
, (6.179)

where I(τv,Ωv; p) and I(τv,Ωv; p + ∆p) are solutions of the radiative transfer
equation corresponding to the parameters p and p + ∆p, respectively.

The comparison of results presented in Figs 6.14 and 6.15 shows that the
variations of the intensity calculated employing the linear approximation are
systematically higher than the exact values. It follows as well that the linear
approximation works better for variations of the particle number concentration.
This is due to the fact that at least the water cloud scattering coefficient is the
linear function of the particle number concentration whereas its dependence on
the effective radius of water droplets is quadratic. The effect of the nonlinearity
is especially pronounced in the spectral range where the liquid water absorption
is strong. For example, as can be seen from Fig. 6.14, at 2.2 µm 20% variation
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Fig. 6.14. Comparison of the relative variations of the reflected intensity caused by
variations of the effective radius of water droplets. Solid line represents the results of
numerical calculations and dash-dotted line corresponds to the linear approximation.
The calculations were performed for a solar zenith angle of 45◦ and a surface albedo
of 0.3 at the following wavelengths: 1, 758.2 nm; 2, 760.425 nm; 3, 1.6 µm; 4, 2.2 µm.

Fig. 6.15. Comparison of the relative variations of the reflected intensity caused by
variations of the particle number concentration of water droplets. Solid line represents
the results of numerical calculations and dash-dotted line corresponds to the linear
approximation. The calculations were performed for a solar zenith angle of 45◦ and
a surface albedo of 0.3 at the following wavelengths: 1, 758.2 nm; 2, 760.425 nm; 3,
1.6 µm; 4, 2.2 µm.
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of the effective radius of water droplets results in the linear approximation in a
variation of the intensity of about 1.8% whereas the exact value is even negative.

6.11 Application to the retrieval of the effective radius
of water droplets

The weighting functions WN (z; zv,Ωv) and WN
r (z; zv,Ωv) can be used for the

retrieval of the vertical profiles of N(z) and r(z) within a cloud. However, these
functions considered as functions of the wavelength are highly correlated and a
simultaneous retrieval of both parameters, i.e., N(z) and r1(z) is a very com-
plicated matter. Therefore, it is reasonable to assume that the optical thickness
of the cloud, τc, can be estimated using the measured reflected radiation in the
spectral range, where the gaseous and liquid water absorption is weak [7]. Let
us use the retrieved optical thickness to estimate the particle number concen-
tration. Obviously, we can not retrieve the profile of N(z) since in the spectral
ranges with weak gaseous and liquid water absorption the WF for the particle
number concentration is almost independent of the altitude within the cloud (see
Fig. 6.12). Therefore, we will assume that the shape of the particle number con-
centration is known a priori and only the scaling factor needs to be estimated.
Namely, the unknown profile of the particle number concentration, N ′(z), will
be approximated as follows:

N ′(z) = CN(z) , (6.180)

where N(z) is the known shape of the particle number concentration and C is
the scaling factor. Using (6.143) for the optical thickness of the cloud, we obtain
the estimation for the scaling factor C as follows:

Ĉ =
τc

zt∫
zb

e′
1(z) dz

, (6.181)

where τc is the estimated value of the cloud optical thickness. The extinction
coefficient of water droplets, e′

1(z), corresponds to the known shape of the particle
number concentration N(z) and an unknown profile of the effective radius r′

1(z),
which should be estimated as well. To obtain Ĉ according to (6.181), we take
into account that in the linear approximation the extinction coefficient, e′

1(z),
corresponding to an unknown effective radius r′

1(z) can be represented as follows:

e′
1(z) = e1(z) +

∂e1(z)
∂r1(z)

δr1(z) , (6.182)

where the extinction coefficient, e1(z), corresponds to the known profile of the
effective radius, r1(z), and δr1(z) = r′

1(z)− r1(z). Substituting e′
1(z) as given by

(6.182) into (6.181), we obtain
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Ĉ =
τc

zt∫
zb

[
e1(z) + ∆e1(z)

]
dz

. (6.183)

Here, the variation of the extinction coefficient, ∆e1(z), is caused by the variation
of the effective radius, δr1(z), i.e.,

∆e1(z) =
∂e1(z)
∂r1(z)

δr1(z) . (6.184)

Assuming that ∆e1(z) is small compared to e1(z), it follows in the linear ap-
proximation:

Ĉ =
τc

zt∫
zb

e1(z) dz
− τc[∫ zt

zb
e1(z) dz

]2
∫ zt

zb

∆e1(z) dz . (6.185)

The first term in this equation corresponds to the estimation of the scaling factor
obtained ignoring the variation of the effective radius. Introducing the following
definition for this scaling factor:

C[r1(z)] =
τc

zt∫
zb

e1(z) dz
, (6.186)

and substituting it into (6.185), we obtain

Ĉ = C[r1(z)] − C[r1(z)]∫ zt

zb
e1(z) dz

∫ zt

zb

∂e1(z)
∂r1(z)

δr1(z) dz . (6.187)

Introducing for the simplification the function E1(z) as

E1(z) = − 1∫ zt

zb
e1(z) dz

∂e1(z)
∂r1(z)

r1(z) , (6.188)

Eq. (6.187) can be rewritten in the following form:

Ĉ = C[r1(z)] + C[r1(z)]
∫ zt

zb

E1(z)vr(z) dz , (6.189)

where vr(z) is the relative variation of the effective radius of water droplets.
Substituting now Ĉ given by (6.189) into (6.180) instead of C and introducing
the zero-order estimation of the particle number concentration obtained ignoring
the variation of the effective radius as

N̄(z) = C[r1(z)]N(z) , (6.190)

we obtain an estimation for the particle number concentration accounting for
the variation of the effective radius as follows:
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N ′(z) = N̄(z) + N̄(z)
∫ zt

zb

E1(z)vr(z) dz . (6.191)

This equation provides the following relationship between the relative variation
of the particle number concentration around N̄(z) and the relative variation of
the effective radius of water droplets:

vN (z) =
N ′(z) − N̄(z)

N̄(z)
=
∫ zt

zb

E1(z)vr(z) dz . (6.192)

The variation of the measured functional, δΦ(zv,Ωv), in the spectral range con-
taining absorption structures of the liquid water can be written now as follows:

δΦ(zv,Ωv) = Φ′(zv,Ωv) − Φ(zv,Ωv)

=
∫ zt

zb

[
WN (z; zv,Ωv)vN (z) + WN

r (z; zv,Ωv)vr(z)
]
σe(z) dz , (6.193)

where Φ′(zv,Ωv) is the measured value and Φ(zv,Ωv) is calculated for the particle
number concentration N̄(z) and the effective radius r1(z). Substituting further
vN (z) given by (6.192) into (6.193), we obtain the expression for the variation
of the measured functional, δΦ(zv,Ωv), containing only the effective radius of
water droplets as unknown parameter:

δΦ(zv,Ωv) =
∫ zt

zb

[
WN (z; zv,Ωv)

∫ zt

zb

E1(z′)vr(z′)dz′
]
σe(z) dz

+
∫ zt

zb

WN
r (z; zv,Ωv)vr(z)σe(z) dz . (6.194)

Introducing the specific weighting function for the effective radius in the follow-
ing form:

Wτc
r (z; zv,Ωv) = WN

r (z; zv,Ωv)σe(z)

+ E1(z)
∫ zt

zb

WN (z; zv,Ωv)σe(z) dz , (6.195)

we obtain
δΦ(zv,Ωv) =

∫ zt

zb

Wτc
r (z; zv,Ωv)vr(z) dz . (6.196)

This equation can be employed to estimate the vertical profile of the effective
radius of water droplets using the measured radiation in the spectral range con-
taining liquid water absorption bands, e.g., around 1.6, 2.2 or 3.7 µm.

6.12 Weighting functions for cloud geometrical parameters

In this section we derive the analytical expressions for geometrical cloud param-
eters such as the cloud top and cloud bottom height defining the position of a
cloud layer in the atmosphere.
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6.12.1 Theory

Let us assume that the variation of the measured functional, δΦ, is caused by
the variation of the cloud scattering, sk(τ), and absorption, ak(τ), coefficients
only. Then according to (6.68) we have

δΦ(τv,Ωv) =
2∑

k=1

∫ τ0

0

[
Wsk

(τ ; τv,Ωv)vsk
(τ)+Wak

(τ ; τv,Ωv)vak
(τ)
]
dτ , (6.197)

where vsk
(τ) = δsk(τ)/sk(τ) and vak

(τ) = δak(τ)/ak(τ) are the relative varia-
tions of the cloud scattering and absorption coefficients, respectively, and sub-
script k = 1 corresponds to water droplets and k = 2 to ice crystals. The
expressions for WFs Wak

(τ ; τv,Ωv) and Wsk
(τ ; τv,Ωv) are given by (6.92) and

(6.97), respectively. To introduce the cloud geometrical parameters we rewrite at
first (6.197) in the form containing the absolute variation of the cloud absorption
and scattering coefficients as well as the integration over the altitude z instead
of the optical depth τ :

δΦ(zv,Ωv) =
2∑

k=1

∫ H

0

[
Wsk

(z; τv,Ωv)
δsk(z)
sk(z)

+ Wak
(z; τv,Ωv)

δak(z)
ak(z)

]
σe(z) dz , (6.198)

where H is the top of atmosphere altitude. Taking into account that the optical
parameters of the cloud are non-zero within the cloud layer only, we can represent
them in the following form:

pk(z) = Θ(zt − z)Θ(z − zb)pk(z) , (6.199)

which allows us to define the cloud parameters in the entire atmosphere. Here,
zt and zb are altitudes of the cloud top and bottom, respectively, function pk(z)
is assumed to be the scattering or the absorption coefficient of the cloud, and
functions Θ(zt − z) and Θ(z − zb) are the Heaviside step-functions given by
(6.18).

Employing (6.199), variations of the cloud optical parameters caused by vari-
ations of the cloud top and bottom heights can be expressed in the linear ap-
proximation as follows:

δpk(z) =
[
dΘ(zt − z)

dzt
pk(z) +Θ(zt − z)

dpk(z)
dzt

]
Θ(z − zb)∆zt

+
[
dΘ(z − zb)

dzb
pk(z) +Θ(z − zb)

dpk(z)
dzb

]
Θ(zt − z)∆zb . (6.200)

Here, dpk(z)/dzt and dpk(z)/dzb are derivatives of the cloud parameters with
respect to the cloud top and bottom height, respectively, ∆zt = z′

t − zt and
∆zb = z′

b − zb are the variations of CTH and CBH. Derivatives of the Heaviside
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step-functions with respect to the cloud top height, zt, and the cloud bottom
height, zb, can be obtained analytically [9]:

dΘ(zt − z)
dzt

= δ(zt − z) , (6.201)

dΘ(z − zb)
dzb

= −δ(zb − z) , (6.202)

where δ(zt−z) and δ(zb−z) are the Dirac δ-functions. Substituting these expres-
sions into (6.200), dividing both sides of this equation by pk(z) and introducing
for the simplification the following functions:

tpk
(z) =

[
δ(zt − z) +Θ(zt − z)

1
pk(z)

dpk(z)
dzt

]
Θ(z − zb) , (6.203)

bpk
(z) =

[
−δ(zb − z) +Θ(z − zb)

1
pk(z)

dpk(z)
dzb

]
Θ(zt − z) , (6.204)

we obtain

δpk(z)
pk(z)

= tpk
(z)∆zt + bpk

(z)∆zb . (6.205)

Substituting further these expressions into (6.198), we obtain the variation of
the measured functional as a linear function with respect to the variations of
CTH and CBH:

δΦ(zv,Ωv) =
∫ H

0

[
Wzt

(z; τv,Ωv)∆zt + Wzb
(z; τv,Ωv)∆zb

]
σe(z) dz , (6.206)

where functions Wzt
(z; τv,Ωv) and Wzb

(z; τv,Ωv) are defined as follows:

Wzt
(z; τv,Ωv) =

2∑
k=1

[
tsk

(z)Wsk
(z; τv,Ωv) + tak

(z)Wak
(z; τv,Ωv)

]
, (6.207)

Wzb
(z; τv,Ωv) =

2∑
k=1

[
bsk

(z)Wsk
(z; τv,Ωv) + bak

(z)Wak
(z; τv,Ωv)

]
, (6.208)

and functions tsk
(z), tak

(z) and bsk
(z), bak

(z) are given by (6.203) and (6.204)
for pk(z) = sk(z) and pk(z) = ak(z), respectively. Thus, we obtain the following
expressions for CTH and CBH weighting functions:

Wzt(zv,Ωv) =
∫ H

0
Wzt(z; τv,Ωv)σe(z) dz , (6.209)

Wzb
(zv,Ωv) =

∫ H

0
Wzb

(z; τv,Ωv)σe(z) dz . (6.210)

The derived expressions can be used to calculate the weighting functions after
the expressions for functions tpk

(z) and bpk
(z) containing derivatives of the cloud
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optical parameters with respect to CTH and CBH having been obtained. For
this reason we will first derive a general expression for derivatives of the cloud
optical parameters with respect to CTH assuming that the actual value of a
certain parameter is obtained scaling the known shape profile:

pk(z) = ckph(z) , (6.211)

where ph(z) is the shape profile of the corresponding parameter and ck is a
scaling factor. The scaling factor is obtained to match the corresponding integral
parameter such as the optical thickness or liquid water path of a cloud.

The derivative ∂pk(z)/∂zt can be obtained using (6.211) as follows:

∂pk(z)
∂zt

=
∂

∂zt

[
ckph(z)

]
=
[
∂ck
∂zt

ph(z) + ck
∂ph(z)
∂zt

]
. (6.212)

Assuming that the scaling factor is chosen to match the optical thickness of the
cloud, the derivative ∂ck/∂zt can be found as

∂ck
∂zt

=
∂

∂zt

[ τc
τph

]
= − τc

τ2
ph

∂τph

∂zt
, (6.213)

where we have taken into account that τc is a given constant value of the cloud
optical thickness. To find the analytical expression for the derivative ∂τph

/∂zt

we use the following relationship:
∫ 1

0
ph(x) dx ≡ 1

L

∫ zt

zb

ph(z) dz =
τph

L
, (6.214)

where x is the dimensionless altitude given by (6.126), and L = zt − zb is the
geometrical thickness of the cloud. Differentiating (6.214) with respect to the
parameter zt, we obtain

− 1
L2 τph

+
1
L

∂τph

∂zt
= 0 =⇒ ∂τph

∂zt
=
τph

L
. (6.215)

Substituting the obtained result into (6.213), we have

∂ck
∂zt

= − τc
τph

L
. (6.216)

For the derivative ∂ph(z)/∂zt we obtain

∂ph(z)
∂zt

=
∂ph(z)
dz

∂z

∂x

∂x

∂zt
= −∂ph(z)

∂z
(1 − x) . (6.217)

Taking into account that the dimensionless altitude x is given by (6.126) and
substituting it into the previous equation, we obtain

∂ph(z)
∂zt

= −∂ph(z)
∂z

z − zb

L
. (6.218)
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Substituting (6.216) and (6.218) into (6.212), it follows that

∂pk(z)
∂zt

=
[
− τc
τph

L
ph(z) − ck

∂ph(z)
∂z

z − zb

L

]
. (6.219)

Taking into account (6.211), we obtain the final expression for the derivative of
the optical parameters with respect to CTH as follows:

∂pk(z)
∂zt

= − 1
L

[
pk(z) +

∂pk(z)
∂z

(z − zb)
]
. (6.220)

Employing the same approach, the derivative of the optical parameters with
respect to CBH is obtained in the following form:

∂pk(z)
∂zb

=
1
L

[
pk(z) − ∂pk(z)

∂z
(zt − z)

]
. (6.221)

The first term in the derived expressions results from the dependence of the
scaling factor on the cloud geometrical parameters and the second contains the
derivative of the corresponding parameter with respect to the altitude. Substitut-
ing (6.220) and (6.221) into (6.203) and (6.204), we obtain the final expressions
for functions tpk

(z) and bpk
(z) in the following form:

tpk
(z) =

{
δ(zt − z) − Θ(zt − z)

L

[
1 +

∂ ln pk(z)
∂z

(z − zb)
]}

× Θ(z − zb) , (6.222)

bpk
(z) =

{
−δ(zb − z) +

Θ(z − zb)
L

[
1 − ∂ ln pk(z)

∂z
(zt − z)

]}

× Θ(zt − z) . (6.223)

In some special cases the obtained expressions can be simplified. For example, for
a vertically homogeneous cloud derivatives of the cloud scattering and absorption
coefficients with respect to the altitude are zero. Thus, we obtain the following
expressions for functions tpk

(z) and bpk
(z):

tpk
(z) =

[
δ(zt − z) − Θ(zt − z)

L

]
Θ(z − zb) , (6.224)

bpk
(z) =

[
−δ(zb − z) +

Θ(z − zb)
L

]
Θ(zt − z) . (6.225)

Further simplification can be obtained if the optical parameters in an vertically
homogeneous cloud are not rescaled for varying geometrical parameters. In this
case we have

tpk
(z) = δ(zt − z)Θ(z − zb) , (6.226)

bpk
(z) = −δ(zb − z)Θ(zt − z) , (6.227)

and the weighting functions for CTH and CBH given by (6.209) and (6.210) can
be rewritten as follows:
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Wzt(zv,Ωv) =
2∑

k=1

[
Wsk

(zt; τv,Ωv) + Wak
(zt; τv,Ωv)

]
σe(zt) , (6.228)

Wzb
(zv,Ωv) = −

2∑
k=1

[
Wsk

(zb; τv,Ωv) + Wak
(zb; τv,Ωv)

]
σe(zb) . (6.229)

Having defined the weighting functions for CTH and CBH, we can easily obtain
WFs for other parameters characterizing the cloud geometry. In particular, the
WF for the geometrical thickness of the cloud is

Wgt(zv,Ωv) = Wzt
(zv,Ωv) − Wzb

(zv,Ωv) . (6.230)

Assuming that the cloud geometrical thickness is constant, we can obtain the
WF characterizing the position of the cloud in the atmosphere as well. In this
case the shift of a cloud can be described by simultaneous variations of the same
magnitude of both CTH and CBH. Therefore, WF for the position of a cloud
can be written as follows:

Wsh(zv,Ωv) = Wzt(zv,Ωv) + Wzb
(zv,Ωv) . (6.231)

6.12.2 Numerical results

In this subsection we consider examples of WFs for different cloud geometrical
parameters corresponding to vertically homogeneous and inhomogeneous water
clouds as well as to mixed clouds consisting of water droplets and ice crystals.
At first we compare WFs for CTH and CBH obtained employing the analyt-
ical expressions derived in the previous subsection to results of the numerical
calculations. For this purpose we consider the most general case of a vertically
inhomogeneous mixed cloud consisting of water droplets and ice crystals. Cor-
responding vertical profiles of the liquid and ice water contents are shown in
Fig. 6.16. The vertical profiles of the effective radius of water droplets and ice
crystals were assumed to change linearly within the cloud. At the top of the cloud
the effective radii of water droplets and ice crystals were set to 6 µm and 70 µm,
respectively, and at the bottom of the cloud to 2 µm and 120 µm, respectively.
The scattering and absorption coefficients of water droplets and ice crystals were
calculated according to the analytical expressions given by (6.139)–(6.142). The
numerical WFs were obtained using the numerical perturbation approach as
follows:

Wzt(zv,Ωv) =
I(0,Ωv, zt + ∆zt) − I(0,Ωv, zt)

∆zt
, (6.232)

where I(0,Ωv, zt) and I(0,Ωv, zt + ∆zt) are the reflected intensities at the top
of the atmosphere corresponding to the cloud top height zt and zt + ∆zt, re-
spectively, and ∆zt is the perturbation of the cloud top height which was set to
0.01 km.

The simulated spectrum of the reflected solar radiation observed at TOA
in the nadir viewing geometry in the presence of a homogeneous water cloud
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Fig. 6.16. Vertical profiles of the liquid and ice water contents for a mixed cloud
having an optical thickness of 10.

having an optical thickness of 10 is shown in Fig. 6.17. The calculations were
performed for a finite spectral resolution assuming the instrument slit function to
be the boxcar function with a full width of 0.1 nm. Relative differences between
the reflected intensities corresponding to a homogeneous and an inhomogeneous
water cloud as well as to a homogeneous and a mixed cloud are shown in the lower
panel of Fig. 6.17. As can clearly be seen, at spectral points where the gaseous
absorption is week the difference between reflected intensities corresponding to a
vertically homogeneous and a vertically inhomogeneous water cloud is very small
whereas, due to a difference in the phase functions, the reflected intensity in a
presence of a mixed cloud is approximately 2% higher than for a homogeneous
water cloud of the same optical thickness.

Similarly to the parameters discussed in previous sections let us introduce
the normalized WFs for CTH and CBH which are numerically equivalent to
relative variations of the observed intensity caused by 1 km variations of CTH
or CBH, respectively. For example, the normalized weighting function for CTH
is introduced as

∆I(τv,Ωv)
I(τv,Ωv)

=
Wzt(zv,Ωv)
I(τv,Ωv)

∆zt = Rzt
(zv,Ωv)∆zt . (6.233)

The normalized weighting functions for CTH and CBH in the spectral range of
the O2-A absorption band obtained employing analytical expressions, Eqs (6.209)
and (6.210), as well as calculated using the numerical perturbation approach as
given by (6.232) are shown in Fig. 6.18. Good agreement between the numer-
ical and analytical weighting functions confirms the correctness of the derived
general analytical expressions. Although the overall wavelength behavior of both
weighting functions is similar, it is clearly seen that the fine spectral structure is
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Fig. 6.17. Upper panel: reflected intensity at TOA for a homogeneous water cloud.
Lower panel: relative differences between the reflected intensities for: 1, homogeneous
and inhomogeneous water cloud, 2, homogeneous and mixed cloud (τwater = 9, τice = 1).
Calculations were performed for a solar zenith angle of 45◦ and a surface albedo of 0.3.

Fig. 6.18. Comparison of the numerical (symbols) and the normalized layer integrated
analytical (solid line) WFs for the cloud top (upper panel) and cloud bottom height
(lower panel) in a presence of a mixed cloud of optical thickness 10. The calculations
were performed for a solar zenith angle of 45◦ and a surface albedo of 0.3.
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significantly different, i.e, the spectral structures of the reflected intensity varia-
tions caused by variations of CTH and CBH are different and, thus, these param-
eters can be considered to be independent. As seen from the plot, CTH and CBH
weighting functions are very small in spectral intervals where O2 absorption is
weak which is in accordance with the well known fact that in a non-absorbing
atmosphere the reflection of the cloud is independent of its altitude and geomet-
rical thickness. Since both weighting functions are always positive, an increase
of CTH or CBH under the assumption of constant optical thickness leads to an
enhancement in the reflected intensity. In particular, as follows from Fig. 6.18,
the relative variation of the reflected intensity due to a 1 km shift of CTH or
CBH reaches about 13% and 30%, respectively. The reflected intensity is most
sensitive to variations of CTH and CBH in spectral ranges where the gaseous
absorption is strong.

In the most general case of a vertically inhomogeneous mixed cloud the
weighting functions for CTH and CBH contain derivatives of vertical profiles
of the scattering and absorption coefficients with respect to the altitude (see
Eqs (6.222) and (6.223) for the auxiliary functions tpk

(z) and bpk
(z), respec-

tively). Therefore, WFs depend on the vertical structure of the cloud, i.e., on
the vertical distribution of the scattering and absorption coefficients within the
cloud. Nevertheless, due to a lack of information on the cloud structure, retrievals
of the cloud top height from real measurements are often performed assuming
the cloud to be vertically homogeneous. The validity of this approximation can
be investigated analyzing the influence of the cloud vertical inhomogeneity on
the weighting functions. This was done comparing CTH WF for a vertically ho-
mogeneous water cloud to that for vertically inhomogeneous water and mixed
clouds. If the geometrical thickness of the cloud is known, the inverse problem
can be simplified because the variation of the reflected intensity is resulted only
from a variation of the vertical position of the cloud, i.e., of the cloud altitude,
and the corresponding WF is given by (6.231). The cloud altitude weighting
functions describing the simplified inverse problem were also compared in the
similar manner as CTH WFs. The comparison was performed for the cloud op-
tical thickness of 10. For mixed clouds the optical thicknesses of water droplets
and ice crystals were selected to be 9 and 1, respectively.

Figure 6.19 illustrates the sensitivity of the weighting functions for the cloud
top height (curves 1 and 2) and the cloud altitude (curves 3 and 4) to the vertical
inhomogeneity of a cloud. The ratios of WFs for a vertically homogeneous water
cloud to WFs for an inhomogeneous water cloud are shown by dashed lines and
the ratios of WFs for a vertically homogeneous water cloud to WFs for an in-
homogeneous mixed cloud are represented by solid lines. As can clearly be seen,
in the considered observation geometry CTH WF for a vertically homogeneous
cloud is much larger than that for both inhomogeneous water clouds and mixed
clouds, whereas in the case of a constant geometrical thickness the influence of
the vertical cloud inhomogeneity is substantially weaker. Therefore, an estima-
tion of the cloud top height under the assumption of the vertical homogeneity
of a cloud is more accurate in the case of a known geometrical thickness of the
cloud.
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Fig. 6.19. Comparison of the weighting functions for the cloud top height (curves 1
and 2) and the cloud altitude (curves 3 and 4). Dashed lines: ratios of WFs for a verti-
cally homogeneous water cloud to WFs for a inhomogeneous water cloud. Solid lines:
ratios of WFs for a vertically homogeneous water cloud to WFs for a inhomogeneous
mixed cloud.

A variation of the reflected intensity in a cloudy atmosphere can be caused not
only by variations of the cloud altitude, cloud top or bottom height, or vertical
distributions of cloud parameters, but also by variations of the pressure and
temperature. In spectral regions where the gaseous absorption is not negligible,
variations of the pressure and temperature in the atmosphere cause variations of
the absorption cross-sections of atmospheric gases and, thus, alter the absorption
of the solar radiation. Fig. 6.20 illustrates contributions into the relative variation
of the observed intensity due to 1% variation of the pressure, 1 K variation of
the temperature, and 100 m variation of the cloud top height. As clearly seen,
all plotted variations are of the same magnitude providing an estimation for the
error propagation in the case of uncertain atmospheric parameters.

Concluding the discussion of WFs for cloud geometrical parameters let us
consider the cloud top height weighting functions for a two-layered cloud system.
The cloud system was assumed to comprise an ice crystal cloud with a cloud top
height of 8 km in the upper layer and a water cloud with a cloud top height of
4 km in the lower layer. Both cloud layers were assumed to have a geometrical
thickness of 1 km. Corresponding WFs in the O2-A absorption band are shown in
Fig. 6.21 for different optical thicknesses of cloud layers. As can be seen from the
plot, the spectral structure and magnitude of CTH WFs for the upper and lower
cloud layers are strongly dependent on the distribution of the optical thickness
between the cloud layers. For example, if the optical thickness of the upper layer
is much smaller than that of the lower layer, 1 km variation of the cloud top
height of the lower layer results in a relative variation of the reflected intensity of



6 Derivatives of the radiation field 259

Fig. 6.20. Relative variations of the reflected intensity in a presence of a mixed cloud
due to 1% variation of the pressure, 1 K variation of the temperature, and 100 m vari-
ation of the cloud top height.

about 11% at wavelengths around 760.4 nm (upper panel in Fig. 6.21), whereas,
the relative variation of the reflected intensity caused by the same variation of
CTH of the upper layer is about a factor of 5 smaller. An increase in the optical
thickness of the upper cloud layer for a constant total optical thickness leads to
an increase in CTH WF of the upper cloud layer and a decrease in CTH WF of
the lower cloud layer (lower panel in Fig. 6.21). Thus, in the case of a two-layered
cloud system the reflected solar radiance observed within a gaseous absorption
band spectral range contains an information about the cloud top heights of both
cloud layers. However, the retrieval of these parameters requires independent
information about optical thicknesses of the upper and lower cloud layers.

6.13 Conclusion

Generally, to find a solution of an inverse problem, the weighting functions of
the atmospheric parameters of interest are required. In this chapter we have
extensively discussed the weighting functions not only for common atmospheric
parameters, such as atmospheric trace gas number densities, pressure, temper-
ature, and aerosol particle number density, but also for various cloud parame-
ters, such as geometrical thickness, cloud top and bottom height, liquid water
content and effective radius of water droplets and ice crystals. All obtained ex-
pressions for the weighting functions are implemented in the software package
SCIATRAN 2.1 [26] and verified against the numerical perturbation technique.
SCIATRAN 2.1 is freely available for non-commercial use at www.iup.physik.uni-
bremen.de/sciatran. A brief description of the mathematical background of the



260 V. V. Rozanov, A. V. Rozanov, A. A. Kokhanovsky

Fig. 6.21. Cloud top height weighting functions for a two-layered cloud system. The
calculations were performed for the reflected intensity observed at TOA at a solar
zenith angle of 45◦ and a surface albedo of 0.3. The cloud system was assumed to
comprise an ice crystal cloud with a cloud top height of 8 km in the upper layer and
a water cloud with a cloud top height of 4 km in the lower layer. Both cloud layers
were assumed to have a geometrical thickness of 1 km. The total optical thickness of
the cloud system was set to 15.

linearized radiative transfer equation, adjoint radiative transfer equation, and
adjoint approach, as well as detailed derivation of the expressions for the weight-
ing functions presented in this chapter, is aimed to facilitate the usage of the
software package SCIATRAN 2.1 to solve various practical inverse problems.

The fact that, due to linearization errors, most of inverse problems need to
be solved iteratively requiring an update of the forward intensity and weighting
functions at each iterative step, was accounted for in the SCIATRAN 2.1 soft-
ware package coupling the retrieval block with the radiative transfer model. The
retrieval block, which was originally developed to retrieve vertical distributions
or column amounts of atmospheric species, incorporates various inversion tech-
niques such as the optimal estimation [19], Tikhonov regularization [28], and
information operator approach [10], and can be adapted by a user to solve vari-
ous inverse problems arising in remote sensing of the Earth’s atmosphere. One of
the retrieval block extensions already implemented in the inversion procedure is
a retrieval of the cloud top height using satellite measurements of the backscat-
tered solar radiation in the oxygen absorption A-band [21]. Some examples of
successful applications of the SCIATRAN software package to the retrieval of
vertical profiles of NO2 and BrO as well as vertical columns of CH4 and CO2
using SCIAMACHY measurements are presented in [3, 23].
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Appendix A: Derivation of weighting functions for main
parameters

Extinction coefficient. For a variation of the extinction coefficient, we have:
p(τ) = σe(τ). Functions Ye and Ge are given by Eqs (6.59) and (6.60). In the
considered case they can be written as follows:

Ye(τ,Ω) = σe(τ)
[
∂Se(τ,Ω)
∂σe(τ)

− ∂Le

∂σe(τ)
I

]
= −σe(τ)

∂Le

∂σe(τ)
I , (6.234)

Ge(Ω) = σe(τ)
[
∂Sb(Ω)
∂σe(τ)

− ∂Lb

∂σe(τ)
I

]
= 0 , (6.235)

where we have taken into account that functions Se and Sb as well as the operator
Lb as given by Eqs (6.15), (6.23) and (6.17), respectively, are independent of
the extinction coefficient. We note that the extinction coefficient and the single
scattering albedo are considered to be independent parameters. Substituting
Eqs (6.234) and (6.235) into Eq. (6.61), we obtain

Ψe(τ,Ω) = −σe(τ)
∂Le

∂σe(τ)
I . (6.236)

The partial derivative of the operator Le as given by Eq. (6.13) with respect to
the extinction coefficient σe(τ) can be obtained as

∂Le

∂σe(τ)
=

∂

∂σe(τ)

[
− µ

σe(z)
d
dz

]
=

µ

σ2
e(τ)

d
dz

= − µ

σe(τ)
d
dτ

, (6.237)

where we have used that dτ = −σe(τ) dz. Substituting Eq. (6.237) into Eq.
(6.236), we obtain

Ψe(τ,Ω) = µ
dI
dτ

. (6.238)

Substituting into this equation µdI/dτ as given by Eq. (6.9), the final expression
for the auxiliary function Ψe(τ,Ω) is written as follows:

Ψe(τ,Ω) = −I(τ,Ω) + J(τ,Ω) + Se(τ,Ω) , (6.239)

where J(τ,Ω) and Se(τ,Ω) are given by Eqs (6.12) and (6.15), respectively. The
final expression for the extinction coefficient WF follows after substitution the
function Ψe(τ,Ω) into Eq. (6.71):

We(τ ; τv,Ωv) =
∫

4π

I∗(τ,Ω; Ωv)
[
J(τ,Ω) + Se(τ,Ω) − I(τ,Ω)

]
dΩ . (6.240)
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Single scattering albedo. Employing the same approach for a variation of the
single scattering albedo, we obtain

Ψω(τ,Ω) = ω(τ)
[
∂Se(τ,Ω)
∂ω(τ)

− ∂Le

∂ω(τ)
I

]
, (6.241)

where we have taken into account that the function Sb and the operator Lb

as given by Eqs (6.23) and (6.17), respectively, are independent of the single
scattering albedo and, therefore, Gω(Ω) = 0. Taking into account Eqs (6.13)
and (6.15), partial derivatives of the function Se and of the operator Le with
respect to the single scattering albedo can be written as follows:

∂Se

∂ω(τ)
= −B(τ) ,

∂Le

∂ω(τ)
= − 1

4π

∫
4π

dΩ′p(τ,Ω,Ω′) ⊗ . (6.242)

Substituting these expressions into Eg. (6.241), we obtain the final expression
for the auxiliary function Ψω(τ,Ω):

Ψω(τ,Ω) = J(τ,Ω) −B(τ)ω(τ) . (6.243)

The final expression for the extinction coefficient WF follows after substitution
the function Ψω(τ,Ω) into Eq. (6.71):

Wω(τ ; τv,Ωv) =
∫

4π

I∗(τ,Ω; Ωv)
[
J(τ,Ω) −B(τ)ω(τ)

]
dΩ , (6.244)

Surface albedo. A variation of the surface albedo, A, causes only a variation of
the lower boundary condition operator, Lb, as given by Eq. (6.17). Therefore,
using Eqs (6.59)–(6.61), the expression for the function ΨA(τ,Ω) can be written
as follows:

ΨA(τ,Ω) = −Aψb(τ,−µ)
∂Lb

∂A
I . (6.245)

Considering the operator Lb given by Eq. (6.17) as a function of the surface
albedo, the partial derivative of the Lb with respect to A can be found in the
following form:

∂Lb

∂A
= − 1

π

∫ τ0

0
dτδ(τ − τ0)

∫

4π

dΩ′λ(µ′)ρ(Ω,Ω′) ⊗ . (6.246)

Applying this operator to the intensity I(τ,Ω) and substituting the result into
Eq. (6.245), we obtain

ΨA(τ,Ω) = ψb(τ,−µ)
A

π

∫

Ω+

ρ(Ω,Ω′)I(τ0,Ω′)µ′ dΩ′ . (6.247)

Having defined the auxiliary function for the surface albedo, the corresponding
WF can be obtained substituting it into Eq. (6.70):
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WA(τv,Ωv) =
A

π

∫ τ0

0

∫
4π

I∗(τ,Ω; Ωv)ψb(τ,−µ)F (Ω, τ0) dΩ dτ , (6.248)

where the function

F (Ω, τ0) =
∫

Ω+

ρ(Ω,Ω′)I(τ0,Ω′)µ′dΩ′ (6.249)

is introduced for the simplification reason. The final expression for the surface
albedo WF follows after substitution the function ψb(τ,−µ) given by Eq. (6.28)
into Eq. (6.248). Taking into account properties of the Dirac δ-function and the
Heaviside step-function, we obtain

WA(τv,Ωv) = −A

π

∫
Ω−

I∗(τ0,Ω; Ωv)F (Ω, τ0)µdΩ , (6.250)

Surface emissivity. A variation of the surface emissivity, ε, causes only a varia-
tion of the function Sb(Ω) given by Eq. (6.23). Therefore, taking into account
Eqs (6.59)–(6.61), the expression for the function Ψε(τ,Ω) can be written as
follows:

Ψε(τ,Ω) = εψb(τ,−µ)
∂Sb(Ω)
∂ε

. (6.251)

The derivative of the function Sb with respect to the surface emissivity is

∂Sb(Ω)
∂ε

= B(Ts) . (6.252)

Substituting Eq. (6.252) into Eq. (6.251), we obtain

Ψε(τ,Ω) = ψb(τ,−µ)εB(Ts) . (6.253)

Having defined the auxiliary function for the surface emissivity, the correspond-
ing WF can be obtained substituting it into general expression for the scalar-
parameter WF given by Eq. (6.70):

Wε(τv,Ωv) = εB(Ts)
∫ τ0

0

∫
4π

I∗(τ,Ω; Ωv)ψb(τ,−µ) dΩ dτ . (6.254)

The final expression for the surface emissivity WF can be obtain in a way
analogous to the surface albedo. Substituting the function ψb(τ,−µ) given by
Eq. (6.28) into Eq. (6.254), we have

Wε(τv,Ωv) = −εB(Ts)
∫

Ω−
I∗(τ0,Ω; Ωv)µdΩ . (6.255)
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